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ABSTRACT
Workpiece localization refers to the following problem: assuming a rigid work­

piece is arbitrarily fixtured to a work table, determine the position and orientation 

of the workpiece frame relative to some known world reference frame. In this dis­

sertation, we develop a unified geometric theory for localization of all three types 

of workpieces: (1) general 3-dimensional workpieces where points from the finished 

surfaces fully constrain the rigid motions of the workpieces; (2) symmetric work­

pieces where rigid motions along the symmetry directions of the workpiece can not 

be determined; and (3) partially machined workpieces where points from the finished 

surfaces are inadequate to fully constrain the rigid motions of the workpieces. Appli­

cations of the study include workpiece setup, refixturing and dimensional inspections 

in a  flexible manufacturing environment. The contributions of the dissertation are 

as follows:

First, we formulate the general 3-dimensional localization problem as a  least 

squares problem (LSP) on the Euclidean group, 5 £ ’(3). The mathematics of LSP 

is analyzed in detail where necessary conditions are derived for the optimal Eu­

clidean transformation and the optimal home surface points. We describe an it­

erative method for solving LSP and show how different considerations in updat­

ing the Euclidean transformations lead to different algorithms. We show the local 

convergence of three localization algorithms and present a method to improve the 

performance of these algorithms. We give simulation results showing convergence, 

accuracy and computational efficiency of the various geometric algorithms.

Second, we discuss the factors affecting the accuracy and reliability of the lo­
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calization results. Using the F-test method in statistics. >ve provide an effective 

algorithm to analyze the reliability of workpiece localization. This allows the local­

ization method to be applied effectively to real manufacturing tasks.

Third, we formulate the hybrid localization/envelopment problem (HLEP) as 

a  symmetric localization problem on the homogeneous space S E (3 )/G 0 of the Eu­

clidean group and a minimization problem on Go subject to inequality constraints, 

where G 0 C S E { 3) is the symmetry subgroup formed by the finished surfaces of 

the workpiece. We solve the envelopment problem by solving a sequence of linear 

programming problems where the solution from the symmetric localization prob­

lem is used as an initial condition. We also address the issue of hybrid localiza- 

tion/inspection/machinability. We develop a  methodology for treating localization, 

on-line inspection and machinability of workpieces simultaneously using the geomet­

ric properties of the homogeneous space. We also analyze the localization problem of 

a  class of workpieces with special shapes and discuss their configuration spaces. We 

show th a t this kind of localization problem can be transformed into a two-dimension 

problem, thus, a set of simpler algorithms can be obtained.

Finally, making use of these algorithms, we propose a computer aided setup 

(CAS) system and implement the system on an open architecture machining tool 

environment. The experimental results show the validation of the developed local­

ization algorithms and the CAS system. Availability of the CAS system eliminates 

the need of having an operator fixture workpiece accurately, thus simplifying and 

accelerating greatly the machining cycle.
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C h a p ter  1

Introduction

1.1 W orkpiece Localization

Workpiece localization refers to the following problem: assuming a rigid workpiece 

is arbitrarily fixtured to a work table, determine the position and orientation of the 

workpiece frame relative to some known world reference frame. Workpiece local­

ization plays a vital role in automation of many manufacturing processes, such as 

workpiece setup, refixturing, dimensional inspection and robot assembly.

Over the last twenty years, a great deal of effort has been dedicated to improve 

production efficiency in manufacturing through automating production processes 

and by eliminating as much as possible human interaction. Computer technology is 

the brain of manufacturing automation. The employment of computer technology 

has changed manufacturing processes dramatically from product design (Computer 

Aided Design), to manufacturing (Computer Aided Manufacturing), and to  quality 

inspection (computer controlled Coordinate Measurement Machine(CMM)). Typi­

cally, a  computer-controlled multi-axis machine tool can manufacture various com­

plicated workpieces automatically according to tool paths generated by CAD/CAM  

software and the workpiece models. Also, with increasing demands for product di­

versity, quick product introduction, high product quality, short product cycle-time 

and low price, it is necessary that manufacturing systems be flexible enough to re­

spond quickly to changes in demands and products. Use of computer technology 

makes quick response possible.

Although the employment of computers provides a relatively high degree of au-

1
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tomation in design and machining processes, the use of computers in workpiece setup 

has received limited attention in the scientific literature and the manufacturing com­

munity. Workpiece setup, as a bridge between design and machining, is addressed in 

the old-fashioned way through the dedicated fixtures, and long hours of calibration. 

Much human interaction is required for high precision fixturing and machining. For 

example, for different kinds of workpieces one still need to design and manufacture 

different fixtures to set them up, and to use specific hard gauges to  perform off-line 

inspection. Also, in order to machine a workpiece a  machinist has to accurately 

set up and then re-set up the workpiece. Given the accuracy requirements of typ­

ical machining jobs this is a difficult and time-consuming task even for a  highly 

skilled machinist with specially designed tools and gauges. In some cases, setting 

up a  workpiece may take several hours while machining it just takes a few minutes. 

The problem is made worse for workpieces with sculptured surfaces where reference 

points are difficult to identify. It is desirable to autom ate workpiece setup and to 

perform on-line inspections.

With advances in CNC technology and availability of on-machine probing sen­

sors, it is possible to employ computers and localization algorithms to autom ate 

the process of workpiece setup. In the next section, we will discuss how workpiece 

localization technology can be applied to practical manufacturing systems.

1.2 A pplications o f  W orkpiece L ocalization

Localization has its main applications in automation of the following manufacturing 

processes: workpiece setup, refixturing, dimensional inspection and robot assembly.

Figure 1.1 shows the diagram of an open architecture CNC machine with a 

CAM/CAS (computer-aided manufacturing and computer aided setup) system. The 

CAS system consists of a touch sensor, data  process and localization algorithms. The 

process of the computer-aided setup is suggested as follows: First, with a workpiece 

arbitrarily fixtured on the machine table, a  touch sensor is programmed to sample 

a number of points on the surfaces of the workpiece relative to the machine frame. 

Then, using the measurement points and the CAD model of the workpiece, the 

Euclidean transformation(position and orientation) of the workpiece with respect to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Operator

Measurement
Points CAD-Model

Toolpaths
New Toolpaths

Sensor
Machine CAD /CAM

Interface

Data process 
Localization algorithms

Figure 1.1: An open architecture CNC machine with CAM/CAS

the machine frame is computed by using the localization algorithms. Finally, the new 

Euclidean transformation is used to compensate for and optimize initially generated 

tool paths which will then act on the workpiece as if it were accurately fixtured to 

the machine table, thus achieving highly accurate cutting of inaccurately fixtured 

workpieces and greatly accelerating machining cycles while reducing machining cost.

In recent years, coordinate measuring machines (CMMs) have been widely uti­

lized for dimensional inspection of workpieces [25, 35, 36]. In its operation, a  work­

piece is arbitrarily fixtured to the machine table, and a set of points are measured 

on the surfaces of the workpiece. Then the optimal transformation (translation and 

orientation) of the workpiece relative to the machine frame is computed using lo­

calization algorithms. The measurement points are then transformed to the CAD 

frame of the workpiece. Finally, the tolerance values are computed by matching the 

transformed points with the nominal features of the workpiece, leading to  acceptance 

or rejection of the workpiece.

Workpiece localization also finds many im portant applications in robotic assembly[37]. 

In [37], a localization method was used in robotic arc welding, where the weld­

ing torch has to be positioned accurately in the weld groove. In GAS-Metal-Arc- 

Welding(GMAW), the uncertain error of positioning a cross-seam must be less than 

the diameter of the electrode. Accuracy of the normal to the seam must be even 

higher. Therefore, accurately localizing a torch is essential. In mechanical assembly, 

tight fitting workpieces can be assembled based on knowing the relative positions
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and orientations of the workpieces; Successful grasping depends also on knowing the 

accurate orientation of a workpiece prior to attem pting the grasp.

1.3 Previous Work

Workpiece localization has been studied extensively in the last decade. Related 

studies can be found in the works of [3, 5, 11, 12, 18, 20, 22, 29, 30, 34], where both 

measurement points and corresponding home surface points are given, and th a t of 

[2, 15, 19, 21, 23, 25] where only measurement da ta  and surface correspondence are 

known.

Workpiece localization with applications in manufacturing and robotic assembly 

was studied in [19]. This problem [2, 19, 25] was formulated as a least squares prob­

lem: Given a  set of measurement points t/< € R3, i =  1, • • -n, with the corresponding 

home surface S;, find g € S E (3) and x { € 5,- so as to minimize

n

£($, * ! , • • •*«)  II# (1-1)
1 = 1

where g € S E {3) is the Euclidean transformation transforming the CAD frame of 

the workpiece to some known world reference frame, and € 5,- is the correspond­

ing home surface point of t/,. A distinctive advantage of this formulation is th a t it 

allows the same function to be minimized for workpieces of any shape. Workpiece 

geometry changes only the description of the home surface point x, 6 5,-. Several 

geometric algorithms have been proposed for this minimization problem. Most local­

ization algorithms including, in particular, the ICP algorithm [2], and the Hong-Tan 

algorithm[21] and Menq’s algorithm[25], employ an iterative technique where the 

home surface points and the Euclidean transformation were optimized separately by 

holding the others fixed.

In [19], a minimization algorithm was used to localize polyhedral workpieces. Us­

ing successive polyhedral approximations the algorithm was extended to workpieces 

with sculptured surfaces. But, the algorithm requires good prior estimates of the 

workpiece’s position and nested loops which slow down computations considerably. 

In [25], non-linear optimization techniques were used to solve nonlinear equations 

for locating 3-D objects with complex and sculptured surfaces. Computational effi-
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ciency was enhanced bv computing generalized inverses. However, due to the use of 

local parameterizations of the rotation group, accuracy of computed results is found 

to  be unsatisfactory, and small part deviations are required. Also, when applied 

to a  large number of points, the cost of solving these nonlinear equations becomes 

prohibitive.

Hong-tang[2l] developed a  method and apparatus for determining the position 

and orientation of mechanical objects. By making use of a different objective func­

tion, a  tangent-homing algorithm (or the Hong-Tan algorithm) was developed for 

workpiece localization with either sparse or dense data. In [23], using the geometric 

properties of the Euclidean group, variations of the objective function were calcu­

lated and an algebraic formula for the optimal Euclidean transformation was derived. 

Based on these results, an iterative algorithm (or the Variational algorithm) for work­

piece localization was developed. Both the Hong-Tan algorithm and the Variational 

algorithm are geometric in nature and make no use of local parameterizations.

In [29], the problem of optimal model matching for two 3-D point sets was 

studied and a formula based on singular value decomposition (SVD) for optimal 

Euclidean transformation was derived. The result was used in [5] to study the general 

model matching problem in a Lie group. In [1, 20], the SVD formula of Nadas was 

corrected and re-derived using linear algebra techniques, along with computational 

considerations. In [2], Horn’s formula [22] and a similar iterative approach were 

used to  solve the general localization problem where the model shape can be a set 

of line segments or a set of parametric surfaces. In [22], unit quaternions were used 

to formulate solutions of the optimal model matching problem.

Menq [25] developed a system and the corresponding algorithm for autom ati­

cally measuring the surface profiles of complicated workpieces. Similarly, Pahk and 

Ahn[36] developed a  precision inspection system for aircraft parts with very thin 

features based on CAD/CAI integration.

1.4 P roblem  Statem ents

Localization research has attracted much attention because of its importance in 

robotics and manufacturing. However, there still remains much research work needs
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to be done in this area to make the workpiece localization and their algorithms 

fully practical. In the application of workpiece localization, one of the following 

three possibilities could occur: (a) points from the finished surfaces of the workpiece 

fully constrain the rigid motions (position and orientation) of the workpiece; (b) 

the workpiece is symmetric, e.g., a  cylinder or a  plane, and rigid motions along the 

symmetry directions of the workpiece can not be determined; and (c) the workpiece 

either is a raw stock or has both finished and unfinished surfaces and points from 

the finished surfaces are inadequate to fully constrain the rigid motions of the work­

piece. In case (c), the problem is to align the CAD model with the workpiece such 

tha t all points measured on the finished surfaces of the workpiece match closely 

to corresponding surfaces on the model while all unmachined surfaces lie outside 

the model to guarantee the presence of material to be machined a t a later time. 

The localization problem associated with each of the three types of workpieces will 

be respectively referred to as: (a) the general 3-dimensional localization problem; 

(b) the symmetric localization problem; and (c) the hybrid localization/envelopment 

problem. A systematic study of all three problems will be very necessary to their 

practical applications in real manufacturing environments.

Current research on the localization problem is inadequate to the needs of manu­

facturing in a t least three aspects: reliability, performance evaluation, and ability to 

ensure the presence of enough material on surfaces to be machined when measured 

points can not uniquely determine the Euclidean transformation of a  workpiece. The 

details are as follows:

(1) Existing localization algorithms pay little attention to reliability analysis. Bet­

te r reliability analysis will insulate the procedures from factors such as mea­

surement errors and object distortion, which is an im portant product quality 

issue and a key of whether the localization method can be used effectively in 

manufacturing industry or not.

(2) Most localization algorithms need a good initial guess of the location of the 

workpiece and require unacceptably long guessing time. To fully autom ate 

the process of workpiece localization and reduce human interference errors, it 

is desirable, in practice, to have robust localization algorithms. Several algo-
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rithms have been presented for workpiece localization during the last decade. 

It is necessary to evaluate and analyze the performance of these localization 

algorithms in terms of accuracy, convergence and com putational efficiency. 

The performance analysis will not only help industrial end-users to know the 

performances as well as the limitations of the localization algorithms, but also 

allow them to choose proper algorithms for their particular applications.

(3) Very few existing localization algorithms consider the hybrid workpiece local­

ization/envelopment problem. The aim of the envelopment algorithms is to 

optimize the tool paths while rigorously ensuring that further machining will 

reach specified shapes and tolerances. The hybrid localization/envelopment 

problem has its main applications in machining of partially machined work­

pieces, e.g., setting up castings or forgings for post machining or reclamping 

a partially machined workpiece as it proceeds through successive stages of 

machining.

In order to fully and reliably autom ate the process of workpiece localization for 

a real manufacturing environment, the critical issues to be considered include:

•  High accuracy and reliable results of localization;

•  Less human interference;

•  Short process time;

•  High flexibility.

Affecting the reliability and accuracy of computed results are probing locations, 

the number of measurement points and algorithms used. Affecting the process time 

is the time it takes to probe and sample the workpiece, to obtain initial condition es­

tim ate and then to compute the Euclidean transformation. The process time should 

be substantially less than the time it takes to set up a  workpiece. For applications 

involving laser or vision-based probing, or workpieces with high tolerancing, the 

number of measurement points can be very large and the process time is likely to 

be dominated by the computation time of the algorithm which, if not optimized,
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can render real-time implementation of the approach impossible. If localization al­

gorithms can compute an accurate solution without any prior knowledge of location 

of the workpiece, then human interference errors can be reduced, and a t the same 

time the process time can be shortened.

All algorithms[6] developed in the past are local algorithms. They need a  suffi­

ciently accurate estimation of the initial transformation. Otherwise, the algorithms 

diverge or converge to a local minimum which may be in an incorrect position and 

orientation. In these cases, reliable localization can not be guaranteed. Therefore, 

it is very im portant th a t we study the convergence of the algorithms and provide 

effective methods to  verify the localization results of the algorithms.

By using non-touch sensors such as cameras, dense measurement d a ta  from the 

surfaces of a workpiece can be sampled. With these dense date, globally convergent 

solutions can be obtained using special algorithms[37]. However, with these dense 

d a ta  and model-based matching method, the results of localization lack the required 

accuracy needed for direct use in most manufacturing situations[37]. It is only 

capable of estimating the location of a part within a few percent of its scale in the 

presence of considerable noise.

1.5 C ontributions o f T his Work

The main contributions of this dissertation are as follows:

1. We explored a geometric theory for the unified treatm ent of localization to 

three types of workpiece: general 3-dimensional workpieces, partially machined 

workpieces, and special geometry workpieces, we formulated the general 3- 

dimensional localization problem as a  least squares problem (LSP) on the Eu­

clidean group, S E (3). We developed the two algorithms for solving the LSP 

and showed how different considerations in updating the Euclidean transfor­

mations lead to different algorithms. We proved the local convergence of three 

localization algorithms and presented a method to improve the performance 

of these algorithms.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

1.6. Organization o f the Dissertation 9

2. We developed a  reliability analysis method to verify the reliability of localiza­

tion results using a statistical method. Simulation and experimental results 

show effectiveness of this method. This allows the localization method to be 

applied effectively to real manufacturing tasks.

3. We formulated the hybrid localization/envelopment problem (HLEP) as a  sym­

metric localization problem on the homogeneous space SE (3)/G q  of the Eu­

clidean group and a minimization problem on Go subject to inequality con­

straints, where G 0 C S E (3) is the symmetry subgroup formed by the finished 

surfaces of the workpiece. Then, we developed the efficient algorithms using 

the method of solving a  sequence of the linear programming for the problem. 

We also addressed the hybrid localization/inspection/machinability problem 

and developed a  methodology for treating localization, on-line inspection and 

machinability of workpieces simultaneously using the geometric properties of 

the homogeneous space. This method provides the transformation of a work­

piece, the tolerance values of finished surfaces, and maximum machinable vol­

umes existing on unfinished surfaces. Thus one can decide if further machining 

is necessary according to the results obtained. It is also possible to adaptively 

adjust the machining so as to improve the product quality using this method.

4. Making use of these algorithms we developed, we proposed a  computer aided 

setup (CAS) system and implemented the system on an open architecture 

machining tool environment. Availability of the CAS system eliminates the 

need of having an operator fixture workpiece accurately, thus simplifying and 

accelerating greatly the machining cycle.

1.6 O rganization o f th e D issertation

This dissertation is organized into seven chapters. The following is a  summary of 

the contents of each chapter.

In Chapter 2, we first review rigid body motions in R 3, providing basic geometric 

concepts for workpiece localization. Then, we formulate the general 3-dimensional lo­

calization problem as a  least squares problem (LSP) on the Euclidean group, SE(3) .
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The mathematics of LSP is analyzed in detail where necessary conditions are derived 

for the optimal Euclidean transformation and the optimal home surface points. We 

describe in detail an iterative method for solving LSP and show’ how different con­

siderations in updating the Euclidean transformations lead to  different algorithms. 

We show the local convergence of three localization algorithms and present a  method 

to improve the performance of these algorithms. We give simulation results showing 

convergence, accuracy and computational efficiency of the various geometric algo­

rithms.

In Chapter 3, we provide an effective method to analyze the reliability of work­

piece localization. First, we discuss the factors affecting the accuracy and reliability 

of localization results. Then, using the F-test method in statistics, we analyze the 

translational and rotational reliability and present the upper bounds of localization 

errors. Finally, we show the effectiveness of the analysis method with simulation 

and experimental results.

In Chapter 4, we deal with localization of partially finished workpieces. First, 

we study the geometric properties of the homogeneous space SE(Z)/Go,  where 

G 0 C S E { 3) is the symmetry subgroup formed by the finished surfaces of a work­

piece. Then, we propose a hybrid localization/envelop problem of localizing the 

partially finished workpiece. We formulate the hybrid as a symmetric localization 

problem on the homogeneous space SE{ 3 ) / G 0 of the Euclidean group and a  mini­

mization problem on G0 subject to inequality constraints. We solve the envelopment 

problem by solving a sequence of linear programming problems where the solution 

from the symmetric localization problem is used as an initial condition. In this 

chapter, we also address the issue of hybrid localization/inspection/machinability 

using the minimax method. We develop a  methodology for treating localization, on­

line inspection and machinability of workpieces simultaneously using the geometric 

properties of the homogeneous space. We present simulation results for dem onstrat­

ing the efficiency of our method for the hybrid problem. Finally, we analyze and 

compare the performace of the localization results obtained using the least squares 

method and the minimax methed, respectively.

In Chapter 5, we deal with localization of workpieces with special geometry
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shapes. We first classify 3D workpieces with a planar standard surface in contact 

with or paraliei 10 the machine table surface as 2.5D workpieces, then, analyze their 

configuration spaces. We show tha t this localization problem can be simplified into 

a  two-dimension problem. Thus, corresponding localization algorithms are simpler. 

Finally, we present three algorithms for the 2D localization problem.

In Chapter 6, we introduce how we implemented the computer-aided workpiece 

setup system on an open architecture CNC milling machine tool. First, we describe 

briefly the open architecture CNC system. Next, we introduce how to implement 

the CAS system on the CNC machine tools. Then, we present the structure and 

operational principle of the CAS system. Finally, we demonstrate the validation of 

the localization algorithms on the CAS system with experimental results.

In Chapter 7, we summarize the entire dissertation and present possible future 

research work.
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C h ap ter  2

G eom etric A nalysis and  
A lgorithm s for W orkpiece 
Localization

2.1 Introduction

In this chapter, we introduce some fundamental concepts of rigid motion in R 3, and 

define notations to be used in this thesis. Then, we consider localization of a general 

3-dimensional workpiece for which the standard or finished surfaces of the workpiece 

completely define (or constrain) the rigid motions of the workpiece. We analyze 

the geometric properties of workpiece localization and formulate the localization 

problem. Then, we develop two algorithms, the Variational and Tengent algorithms 

for the solution of the problem. We discuss in a unified framework the two algorithms 

and other several exsiting geometric algorithms. We show the local convergence of 

three localization algorithms and present a  method to improve the performance of 

these algorithms. Finally, we evaluate the performance of these algorithms in terms 

of accuracy, convergence, and computational efficiency.

2.2 R igid M otions

The geometries of the Euclidean group S E { 3) play an im portant role in the study 

of workpiece localization. In this section, we review briefly rigid motions in R 3 and 

collect some useful concepts and properties of S E { 3).

The Euclidean group S E ( 3) is formally defined as the set of isometries of R 3,

13
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Figure 2.1: A rigid motion of an object in the reference frame

i.e., the set of length and orientation preserving transformations of R3.

Definition 2.2.1. A mapping g : R3 —► R3 is a rigid body transformation if it 

satisfies the following properties:

1. Length is perserved: ||p(pi) -  g(p2) || =  ||pi -  PiII, Vpi,Pi € R3.

2. The cross product is perserved: g(vi) x g(v2) = g(vt x u2), Vvt , v2 6  R3.

Consider a rigid object moving in a reference frame as shown in Figure 2.1. 

Attach a frame C m on the object and let the reference frame be Cw- Then, a t each 

instance, the configuration space of the rigid object can be completely identified 

with the Euclidean group S E ( 3), which is a  well-known example of a Lie group - a 

topological group with differential structures.

The rotation group of R3, denoted S O (3), consists of the set of 3 x 3 special 

orthogonal matrices, i.e.,

S O (3) =  {R  e R3x3| det R  =  + 1, R R T =  /} .

Denote p € R3 position and R  6 S O (3) orientation of a frame Cm  with respect 

to the reference frame Cw, then using homogeneous representation, an element
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g = (R ,p)  of S E (3 ) is written as a 4 x 4 matrix of the form

9 =
R p 
0 1

and the group operation corresponds to matrix multiplication.

Rigid body transformations can be combined to form rigid transformations. Let 

3 be € S E { 3) be the configuration of a frame C  relative to a frame B, and gab € SE(3)  

be the configuration of the frame B  relative to a frame A. Then, the configuration 

of C  relative to A  is given by

9ae — 9ab9bc — RabRbe RabPbe "1" Pab 
0 1 (2 . 1)

Equation (2.1) defines the composition rule for rigid motions. Clearly, S E ( 3) in 

homogeneous representation is a Lie group. The group operation is naturally the 

matrix multiplication. It satisfies:

1. If gx,g2 € SE (3),  then gxg2 € S E ( 3). The group operation is a  differentiable 

mapping.

2. The identity element of 5£ '(3) is /  € R 4x4.

3. If <7 = R P 
0 1 € SE(3),  the inverse of g is given by

g~l =
R t - R TP 
0 1 6 S £ (3 )

so tha t g~l = ( - R Tp , RT). The inverse mapping is differentiable.

4. The composition rule for rigid transformation is associative.

The Lie algebra of 5 0 (3 ) , denoted so(3), is identified with the set of 3 x 3 

skew-symmetric matrices, which can be further identified with R 3 via the map:

A : R 3 > so(3) : uj — (uix, UJ3) *—̂ £j —
0 —OJ3 Ck*2

UJ3 0 —UJj
—UJ2 1 0

Note th a t we have w i =  u x i  f o r u , i 6 R 3, where x is the vector cross product 

operation in R 3.
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The exponential map of S 0 ( 3)

exp  : so(3) — >■ 5 0 (3 ) : Q

where
UJ~

e“ = ,  +  lHis i ' ’11" 11 + H F (1 " cHMI)
defines the canonical coordinates of 5 0 (3 ) .

Given R  6 5 0 (3 ) , there exists a unit vector u 6 R 3 and an angle 0 such tha t

To see this, let

R = ew«

r n ri2 r i3
R = r21 Too J*23

. r3‘ r32 r33
(2 .2)

and define v9 =  1 — cos 0 , cg = cos0 , and s9 = sin 0 , then, we can have

_ u tr a c e {R ) -  1
0 =  cos l (-------1—------- )

v 2 ' (2.3)

and if 0  ^  0, we have

2 s9

r32 — r23 
*̂13 7*31

r2i *̂12
(2.4)

Note tha t there is an ambiguity in the value of 0, in the sense tha t 0 ±  2irn or 

—0 ±  2irn could be chosen as well. If the 2 ir — 0 had been chosen in the equation 

(2.3), the axis of rotation would have been — u.  Indeed, the exponential map is 

many-to-one map from R 3 onto 5 0 (3 ) . If R  =  / ,  then 0 = 0 and u  can be chosen 

arbitrarily. If R  ^  / ,  the above construction shows tha t there are two distinct u> 

and 0 €  [0,27r) such tha t R. = exp(ui0).

The components of the vector u>0 6 R 3 given by (2.3) and (2.4) are called the 

exponential coordinates for R.

T h e o re m  2.2.1. (Euler) Any orientation R  G 5 0 (3 ) is equivalent to a rotation 

about a fixed axis u> € R3 through an angle 0  €  [0, 2 ir)
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This method of representing a rotation is also known as the equivalent axis 

representation.

The Lie algebra of SE (3) ,  denoted se(3), is given by the set of 4 x 4 matrices of 

the form
u j  v 
0 0 u>, v € R 3

The vector £ =  (v,u>) 6 R 6 is referred to as the twist coordinates of £ 6 se(3). Let 

{&}?=! be the canonical basis of R 6, i.e., has a “1” in the ith entry and a  “0” oth­

erwise, then a basis of se(3) is given by {£,}*=1. Note tha t $ ,  i =  1, • • -3 represents, 

respectively, infinitesimal translations, and £,-,t =  4, - --6, represents infinitesimal 

rotations about the principal axis directions.

The exponential map of SE(3),  defined by

exp : se(3)

or,

where

e" Av  
0 1

I  v 
0 1

S E ( 3) : £ — ► e« 

for u j  0;

for u  = 0

A = I  + — stn  u

gives the canonical coordinates of S E ( 3) near the identity.

2.3 Least Squares Form ulation of L ocalization

As described in the last chapter, the localization problems associated with the three 

types of workpieces can be classified as: (a) the general 3-dimensional localiza­

tion problem; (b) the symmetric localization problem; and (c) the hybrid localiza­

tion/envelopment problem. In this chapter, we will focus our study on the problem

(a), the general 3-dimensional localization. The problems (b) and (c) will be con­

sidered in Chapter 4.

Consider a workpiece th a t is arbitrarily fixtured to a machine table as shown 

in Figure 2.2. A surface of the workpiece is called a  standard surface if it is com­

pletely machined according to the specifications of the finished product, and an
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HKUST

m

u

Figure 2.2: Workpiece localization in a  manufacturing environment

envelope surface if it is an unfinished surface which encloses the surface of the fin­

ished product. An envelope surface is either a surface of the stock or a  surface of 

the workpiece produced a t an intermediate stage of manufacturing. We assume th a t 

only the standard surfaces are probed to determine the position and orientation of 

the workpiece.

We further assume tha t the CAD model of the finished product is available, and 

thus we have the geometrical da ta  tha t describes the standard surfaces(design sur­

faces) of the workpiece. Let 5, be the ittl standard surface, we denote the parametric 

equation by

Si =  {x, € R 3|x, =  0 , (u<, u, )} (2.5)

where (ut, t>,) are independent parameteric variables, generally referred to as the 

surface coordinates, or by an implicit representation of the form

Si =  {*, € R3 | hi(xi) =  0 }. (2 .6 )

Depending on the representation of CAD systems, ^«(“«, *>i) can be either polynomial 

of (u,, u,)(B-spline) or rational polynomial functions of (u,, u,)(NURBS).
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Denote by C m the model frame of the workpiece and Cw  the machine reference 

frame. Let p G R 3 and R  G 5 0 (3 ) be the (unknown) position and orientation of C m 

relative to C w  Then, g =  (p, R) € S E ( 3) describes the Euclidean transformation 

of C m relative to Cw, i-e-, if y € R3 is a point expressed in Cw,  then

g~ly = R Ty -  R Tp

is the expression of y  in C m - Let the surface 5, that corresponds to y,- be called the 

home surface of y,. For notational simplicity, 5, here denotes the home surface of y,, 

which should not be confused with the notation 5 J , j  =  1, • • • J  used for the surfaces 

of the workpiece in its CAD model. In other words, if y,- and yj were sampled 

from the same surface say S k, then 5, and Sj  are described by the CAD model of 

the same S k. Correspondence between y, and 5, is either assumed to be known or 

established during the measurement process. If the surface were perfect and there 

were no measurement errors then for each y, 6 R 3 there exists an i ,  G 5,- such tha t

RTyi -  R Tp  =  x f , i =  l ,  • • ■ n ,

In practice, however, machining inaccuracies and measurement errors will destroy 

the equalities. Therefore a more appropriate approach to workpiece localization can 

be described as follows:

Problem  2.3.1. (Least Squares Problem  (LSP))

Given measurement data  Y  =  {y, G R 3, i  = 1, •••«}, find g G 5£ '(3) and corre­

sponding home surface points xf G S,, i =  1, • • - n so as to minimize the function

subject to  the home surface constraint

Si  =  {x, G R3|x, =  }, i =  1, • ■ • n  (2.8)

2.4 G eom etric A nalysis o f Least Squares Problem

Let Q =  S E ( 3) x R 3n. Then, S  is a function defined on Q with the home surface 

constraint given by (2.8). To find the optimal solution(s) of £, we define
1 n  ̂ n

y =  -  V  Vi and x =  - Y ;  x,
n . .  n . .>=i 1=1
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which are called the centroid of {y,}"=1 and {x,}"=1, respectively. Let

Vi = Vi ~ y  and *i =  *i -  x.

Let

w  = J2
1=1

and denote the singular value decomposition (SVD) of W  by

(2.9)

W  = U
&x 0 0
0 02 0
0 0 0 3

where £/, V  6 R3x3 are unitary, and <rt > <t2 > > 0 are the singular values of W .

T h e o re m  2.4.1. I f  rank(WJ = 3, then the optimal solution o f £(•, x) is unique and 

is given by

R m =  U V T 
p* =  y -  R 'x (2 . 10)

The minimal value of the objective function at ( R ' ,p ‘) is

£*(*) =  ] C ( I N |2 +  lli/.ll2) -  2(cr, +  on +  <r3).
i=i

P roo f:

Rewrite the objective function as

£ =  5Z \\RTy* -  *< +  RTy -  r Tp -  *!l2
i=i

=  n\\RTy -  R Tp -  x ||2 +  ^  \\RTVi -  x {
i=i

(2.11) is minimized if

p* = y -  R 'x

where R ‘ minimizes the function

^ (R )  =  ^ | | R Tyi - x , | | 2 
1 =  1

Z II2 (2 . 11)

(2 . 12)

(2.13)
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Expanding (2.13), using the identity ||y ||2 =  tr(yyT), yields

f i( f l)  = a - 2 t r ( R TW)

where

« =  E l lf c l l2 +  I N Ia.
1 =  1

It is shown in [23] tha t if n > 4 and the points y< and i j  are generic enough then 

W  is nonsingular. Using standard minimization techniques in a  Lie group [24] we 

compute directional derivatives of the objective function (2.13). For this we express 

a  tangent vector to 5 0 (3 ) a t a  point RT as QRT 6 TRS O (3), where for uj 6 R 3,

u> =
0  —W3 LJn

CJ3 0  —U/’l
—UJo U/j 0

Thus, R  6 5 0 (3 ) is a critical point of the objective function (2.13) if and only if for 

all w € R 3

0 =  (d£l (R ) ,2 R T)

=  j t \ t M e ZtR T)

= - 2 ^ | t=otr {eZtRTW)

=  - 2 t r  {ZRt W)

R t W  is symmetric.

(2.14)

(2.14) implies that

Let

R t W  =  5

for some symmetric matrix 5 . Because R  6 5 0 (3 ) , we have

S '  =  S TS  =  W T W

(2.15)

(2.16)

Solving from (2.16) for 5 , using SVD of W ,  we have

± 0-1 0 0
5  =  {WT W ) U2 = V 0 H- 5 0

0 0 ±cr2
(2.17)
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By permuting the signs of o'{s in (2.17) we obtain 8 possible solutions for S,  where 

one is a maximum, six saddle points and one minimal. The minimal solution is 

obtained when positive sign in (2.17) is chosen. Thus, when rank(W )  =  3, the 

optimal rotation matrix is given by

ft* =  U VT (2.18)

Substituting the solution of S into (2.13) gives the minimum value of the objective 

function a t (ft*,p*). □

Remark 1. (a) Eq. (2.10) will be referred to as the Nadas Formula, as a similar 

but incorrect version of it first appeared without proof in [29]. There, the W  

matrix was incorrectly defined to be H . P ixf. Nadas Formula was corrected 

and proved in [20] and later in [1].

(b) The optimal rotation matrix in Nadas Formula can also be computed using

gradient flow (or steepest descent algorithm), where the objective function is 

given by Eq. (2.9), the metric by the killing form and the gradient equation is

ft =  W R t  -  RW.

(c) An equivalent formulation of Nadas Formula in terms of unit quaternions is

given by Horn [22], where the optimal solution qn = (q0, qi, q3)T is the unit 

eigenvector corresponding to the maximum eigenvalue of the m atrix

Q{W) =

where

tr(VF) bT
b W  + W 7  - t r { W ) I 3

b = W - W T

(2.19)

is a skew-symmetric matrix, and tr(-) stands for the trace operator. (2.19) is 

used in [2] for the ICP algorithm.

2.5 O ptim al H om e Surface Points

Assume th a t the home surface of y, € R3 is known and is denoted 5 ,. y,, i =  1, • • -n 

is relative to the frame C w • x* 6 R3 is called the home surface point corresponding
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to yi and is constrained to lie on the home surface 5,. x,- is relative to  the CAD 

model frame. Geometrically, the optimal home surface point x ‘ of y, is the nearest 

point on the surface S, from the transformed point, i.e., the distance ||y ” ly,- — £»|| 

is the shortest, as shown in Figure 2.3. Solving for the optimal home surface points 

is one of the two key procedures in the localization algorithms.

Usually the surfaces used to localize workpieces include planar surfaces, cylin­

drical surfaces, spherical surfaces, conic surfaces and sculptured surfaces, etc. For 

most simple surfaces, there are explicit expressions of surface equations and ana­

lytic solutions for the optimal home surface points, while for complex surfaces such 

as sculptured surfaces, they are described by implicit parametric equations. For 

example, in CAD/CAM  practice, free form surfaces are generally described by 3- 

degree B-spline surfaces. B-spline surfaces are constructed by taking a bidirectional 

net of control points, two knot vectors, and the products of the univariate B-spline 

functions,
n  m

v ) = N i A u)Nj,3(v )p i j
i=0 j  —0

where iV,-i3(ti), Nj 3(v) are B-spline functions, and P{j  are control points. B-spline 

functions vary according to  the interval of knots.

Here we mainly introduce how to solve for the home surface points on the com­

plicated surfaces. Assume tha t a surface is parametrically described by x  =  0 (u, v), 

where (u, v) is the parametric coordinate of the surface. We now use the La­

grange multiplier technique to the optimal solution of home surface points x,- 6 R 3,

i =  1, • • *7i to minimize the function £{g , •) subject to the constraint

hi(xi) =  0.

where the above equation is the home surface equation. First observe th a t the con­

strain t is imposed separately on each of the x 's , and thus the directional derivatives 

can be calculated independently to obtain decoupled results.

Proposition 2.5.1. A necessary condition for  x* 6 R3, t =  1, • • *n, to minimize the 

function £ (R ,p ,  •) is that

f (Xi -  RT {y i - p ) ,  0  =  ° (9 201
\  (x, -  flT(y, -  p), 0 * j =  0
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where x, =  if>%(Ui,Vi), ip‘ : R 2 —► R 3 is the parametric description o f Si and the 

minimum of £ (R , p, •) is given by

n

£ '{R ,p )  =  - p )  -x * ,ra ,)2 (2.21)
1 = 1

where n,- 6 R3 is the surface normal of Si at x*.

P ro o f. Using the Lagrange multiplier technique we define
n

£L(R ,p ,x  i , - - - xn) =  £ { R ,p ,x  + 5 1 A A (x .)
i=i

where A, € R  is the Lagrangian multiplier corresponding to the ith constraint 

hi(xi) =  0. Computing the directional derivative of with respect to x, in the 

direction x, € R 3 yields

0 =  (D£L,Zi) = ^ \ t=0£{R ,p , ■••Xi+tZi, •••)

=  t r ( - 2 R TyizJ  +  2R TpzJ)  +  (A.V/1,-, x,), Vx, 6 R 3

where V/i, € R 3 is the gradient of /i,. This implies that

^A,V/li(I -) +  x- _  r t  f a  _  p) =  o, i = l , . . . n . (2.22)

Differentiating with respect to A,- yields the constraint /i, (x,) =  0. Solving for the 

constraint gives the parametric equation of S,-:

: R 2 -► R 3 : («,-, u.) i— > ^ ‘(u„ vt)

The tangent plane to 5,- a t x, =  ip'(ui, u,) is spanned by the two vectors

Wu' dui ’ dvi

Thus, projecting (2.22) to the tangent plane of Si and using

<V/»„ < >  =  (Vh,-, o  =  0

give (2.20). To obtain (2.21), define

Vhi
n, =
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Figure 2.3: Relationship between a  transformed measurement point and a corre­
sponding home surface point

Solving from (2.22) for A, yields

The system of two nonlinear equations in (2.20) defines implicitly the home 

surface point x ' nearest to the transformed point y, =  /2T(y, — p). Given y, and the 

home surface equation x, =  ^ '(u ,, t\) we can use numerical methods(e.q., Newton’s 

Method) to solve for x j. Eq. (2.22) shows tha t the optimal x ' must satisfy the 

condition

In other words, y, — x* must be perpendicular to the home surface at x* as shown 

in Figure 2.3.

Depending on the geometry of 5,, Newton’s method may give different solutions, 

i.e. there may be multiple solutions for x* with different initial conditions («,-, u<). As 

shown in Figure 2.4, two points x, and x- satisfy Eq. (2.20). Obviously, point xf is 

the nearest home surface point. Point xj is just a perpendicular point. The problem

Therefore,

£  =  ^ ( ^ ( y .  -  P) ~  *,*. RT{Vi ~ P ) ~  x' )

x* +  A,nf =  y,-, i = l , - - - n
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g'y.

Figure 2.4: Different perpendicular points of a given transformed measurement point 
j/i a t the same surface 5,

of having multiple solutions can result in a  local minimal if initial conditions were 

not properly chosen. To alleviate this problem, we suggest the following method: 

First, choose a  set of reference points on the sculptured surface, see Figure 2.5. 

Then, compare the transformed measurement point with each of the reference points 

and retain the point with the shortest distance. Finally, use the parametric values 

of the shortest reference point as initial conditions for (u,, u,). If a sufficient set of 

reference points are used then global minima can be guaranteed. Another advantage 

for adopting this method is tha t we can relax the requirement on g0, for otherwise 

a good prior estimate of g0 is needed.

Figure 2.5: Reference points used to improve the convergence of localization algo­
rithms

2.6 T he G eom etric A lgorithm s for W orkpiece Local­
ization

The objective function given in (2.7) depends on the Euclidean transformation 

g € S E ( 3) and the home surface point x { 6 5,-,i =  l , - - - n .  If one set of the 

variables is fixed, the objective function becomes a  simple function of the remaining
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variables. The Alternating Variable Method [13, 31], in which a function is mini­

mized by changing one variable a t a time and the process continues iteratively until 

convergence occurs, is particularly suited for this problem. One may note th a t the 

method has not been a popular method in numerical analysis, partly because of the 

lack of a theory which supports the method and partly because of the construction 

by Powell [31] of a problem for which the method fails to converge to a  critical point. 

However, we will show here tha t for this class of problems the method works very 

well and is also convergent with properly chosen initial conditions.

A lg o rith m  1. (A lte rn a tin g  V ariab le  M e th o d  )

In p u t:  (a) Measurement data  Y  — {y, € R 3, i  =  l , - - -n}  and home surface 5, of

y>-

o u tp u t :  (a) The optimal transformation y*.

S te p  0 : (a) Set k  =  0;

(b ) Initialize y°;

(c) Compute yf  =  (y0) ' ^ ;

(d ) Compute z°;

(e) Compute £° =  £(g°, x°);

(f) Jfc =  fc +  1.

S te p  1: (a) Apply Newton’s algorithm to (2.20) to solve for z f ;

(b ) Compute gk using (z f ,y fc_1);

(c) Compute yf =  (y*)“ ly<;

(d ) Compute S k =  £(gk, z fc);

(e) If (1 — £k/ £ k~l ) < Sl , exit. Else

(f) Set k = k + 1 and return to Step 1(a).

Remark 2. (i) For Step 0(b), set p° =  y and R° = I.
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Decreasing
E

Figure 2.6: Iterative sequence showing construction of a localization solution

(ii) For workpieces having complex geometries, e.g., with sculptured surfaces, initial

condition in Step 0(d) can be generated by using the method described in the 

last section.

(iii) Si > 0 in Step 1(e) is a  preset threshold specifying the desired precision of 

the calculated results. In actual implementation, we combine it with another 

termination condition £ k < <J2 for some <S2 > 0 to achieve global optimal 

solution. The iteration terminates when k exceeds a  certain large number. 

By repeating the iterative method with different initial conditions in R°, we 

enhance the chances of obtaining the global optimal solutions.

Figure 2.6 shows the construction of the iterative sequence (</*,x*) of the above 

algorithm.

Given gk~l and x k, i  =  1, •••/!, the Euclidean transformation update gk in Step 

1(b) can be computed in a number of ways. How gk is computed affects not only 

convergence but also accuracy and reliability of the computed results. Here we show 

the Variational and Tangent algorithms we developed, and present three exsiting 

methods for computing gk, which are known as the ICP (Iterative Closest Point) 

algorithm [2], Menq’s algorithm [25] and the Hong-Tan algorithm [21].

A lg o rith m  2. (T he  V aria tio n a l A lg o rith m  )

Use y, and xk, i  =  1,- *-n to compute the W  matrix of (2.9) and its singular value 

decomposition and denote the results by

W  =  U Z V T.

Set

Rk =  UV7

P* = y -  Rkxk
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Algorithm  3. (The Tangent Algorithm)
Express gk in terms of gk~ l as [28]

where
u  v 
0 0

gk =

6 R , for w, v €  R 3

(2.24)

is called a  twist with twist coordinates £ =  (v, u)  6 R 6. For small values of (2.24) 

can be approximated by

gh * g k- l {I + S)

Substituting the above expression into (2.7) and minimizing the result with respect 

to £ 6 R 6 yield

A f  = b (2.25)

where

and

A = E"  1 V 'n r;fc-1 r.k- 1i=i Vi ~  E i= i  Vi ' Vi
n l

6 =

n r-fc- 1
-E T - iS f

€ R 6x6

Applying Gauss elimination to (2.25) we solve for £ and the result is then substituted 

back into (2.24) to update the Euclidean transformation.

Algorithm  4. (The ICP Algorithm [2])

Compute the unit eigenvector qR 6 R 4 corresponding to the largest eigenvalue of 

the matrix Q{W )  defined in (2.19), and set

Rk =
9o +  9i “  95 ~  9a 2 (9i92 +  9o9s) 2{qiq3 -  q0q2) 

2(?i?2 -  9o9s) 9o +  9? “  ?i “  ?a 2(g2?3 +  9o9i)" V l i l i  1 U » 7 2  'XI ' f a  ' 'H

2 ( 9 ^ 3  +  9092) 2 (9 ,9 3  - 9o9 i )  9o +  9s  ~  9i
9 0 0o — or — 95

and

pk = y -  Rkxk.^k
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A lg o rith m  5. (M en q ’s A lg o rith m  [25])

Menq’s algorithm computes the transformation update gk =  {p/t , R k) based on 

Gauss-Newton method. First, generalized inverse is computed to give

R  =
Hi r 12 r 13
P o  i  P  22 P  2 3

r 3 1  J* 3 2  r 3 3

= (Y Y T) - l { Y X T) (2.26)

where

y  =  [ft. &,•••,&»]

X  = [ i p i * , . . . , ! * ]

However, the matrix in (2.26) is not necessary in 5 0 (3 ), so Euler angle approxima­

tion is obtained,

0  =  atan2 ( - r 3u y/r il +  r^ )  

a  =  atan2 (r2i/cos0 , r n /cos0 )

7 =  atan2(r32/cos/3, rxi/cosfi) 

and the results are then substituted to compute the rotation matrix update Rk and

pk = y -  Rkx k

A lg o rith m  6. (T h e  H ong-T an  A lg o rith m  [21])

The Hong-Tan algorithm represents a substantial departure from the other algo­

rithms in which the Euclidean transformation update is computed by minimizing 

the sum of squared distances to the home surface points. Here, let

„k _9 = 9  e (2.27)

and £ € R 6 is computed by minimizing the sum of squared distances to the tangent 

plane to S* a t xk , i.e., the function

(2.28)
1 =  1

The system of linear equations from which (  6 R 5 is solved is given by

(2.29)
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where

.4 = E L ,( J / ,* " 1 x  n ? ) (n ? )T 
E L ,  ^ { n t ) T

ELi(y, fc- l x n ? ) ( j / r i x n ? ) T
E L X O / r 1 * * ? )7,

and

6 =
E L ,<2/,fc" !

Using Gauss elimination in the above equation to solve for £ yields the desired 

transformation update gk.

All but the Hong-Tan algorithm will be collectively referred to as the least squares 

algorithms. Local convergence of the least squares algorithms is given by the follow­

ing theorem.

Theorem 2.6.1. Assume that (g°,x°) is chosen so that the function £ has only one 

critical point (gm, x m) which is a local minimum in the region

U : {(«/,*) € S E ( 3) x 5  : £(g ,x) < £(g° ,x0)},

where S  = Si x • • • x S„ and x  =  (arl t • • •£„). Then the sequence o f points (gk, x k) 

generated by the least squares algorithms converges to ( g ' ,x m).

Proof: By using any of the least squares algorithms for computing gk from xk for 

A: > 1, we can assume th a t gk = <j>(xk), where 0  : 5  —► S E ( 3) is a continuous map. 

By the construction of the algorithm, we have

€(gk- l , x k- 1) > £(gk~ \ x k) > £(gk, x k), k  > 1. (2.30)

Set £k = £(gk, x k). Then {5fc} is monotonically decreasing and bounded from below. 

Thus, £k —>■ £°° as k  -> +00 for some £°° > 0.

Consider now the sequence {(5k_l, £*)} in U . It is easy to see tha t U is com­

pact. Thus the sequence {(</k-1,x*)} has a convergent subsequence 

converging to  a  point (g, £°°) 6 U. Set g°° =  <t>(x°°). Then gk> —► g°° as j  —► +00 

because <t> is continuous, and consequently £(gC0 , x 00) =  £°°. We claim tha t g =  g°°. 

Indeed, we know from (2.30) tha t £{gk,~l , x k>) £°° as j + 00. Thus
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On the other hand, we know from the proof of Theorem 2.4.1 th a t the function 

£(-,x°°) has only one (global) minimum point which is g°°. Thus g =  g°°.

We now show that (50o,x°0) =  (g ' , x m). By the way xk+l is constructed from 

gk and x k, we have -§^€{gk >~1 , x k>) =  0 for each j .  By letting j  go to +oo, we 

ge t■^£(gc° , x co) =  0. But we also have ■^£(gc° , x co) =  0 by the definition of g°°. 

Thus (g°°,x°°) is a critical point of £  in [/, and so it must be (g " ,x ‘ ).

We now show th a t the whole sequence {(gk , ar*)} converges to the local minimum 

point If not, then there exists an open neighborhood U0 of (g’ , x m), C/0 C

£/, such tha t an infinite subsequence of {(<7*,xfc)} lies in U\Uo• Again since U is 

compact, this infinite subsequence of {(<7*, xk)} must have a convergent subsequence 

)}• The limit point of{(gm», i m»)} lies outside t/0, so it can not be (<7*,x*). 

On the other hand, the sequence {(<7m,_1, x m>)} has a convergent subsequence. By 

applying our earlier arguments to this convergent subsequence, we see tha t the limit 

point of {(<7mj, x m')} must be (g‘, x ‘). This is a contradiction. Hence the whole 

sequence {(<7*,xfe)} converges to (fir*, ar“). □

2.7 T he L ocalization A lgorithm s w ith  G lobal Conver­
gence

Theorem (2.6.1) indicates tha t with improper initial conditions, both the Variational 

and the Tangent Algorithms can lead to local minima or incorrect solutions. Sim­

ulation studies performed on workpieces with sculptured surfaces showed [6] tha t 

the two algorithms can recover true solutions for initial orientation errors as large 

as 45 degrees. For large orientation errors, however, the Hong-Tan algorithm can be 

violently divergent. To fully autom ate the process of workpiece localization and re­

duce human interference errors, it is desirable in practice to have globally convergent 

algorithms. For this we make the following observations:

•  The value of the objective function near the true solution, modular measure­

ment and machining errors, should be small. Also, the change of the Euclidean 

transformation, £ € R 6, defined by

=  9k+i9k
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should be small near the true solution;

•  Small perturbations can be used to bring an algorithm out of local minima;

•  Instead of a single initial condition, a set of initial conditions uniformly cover­

ing the entire rotation space can be used until the global minimum is achieved.

Incorporating the above observations in Algorithm 1 in the last section, we obtain 

a  globally convergent algorithm for workpiece localization. A flow chart illustrating 

the procedure of the algorithm is given in Figure 2.7. Initial conditions in translation 

are generated by simply setting p0 =  y. For orientations we let (a, /?, y)  be the yaw- 

pitch-roll angles. Since each of the original algorithms can handle a t least 45 degrees 

of orientation error, we assume tha t (3 is estimated with an error of 45 degrees. A 

set of initial conditions in orientation are then generated as in Table 2.1.

Initial conditions for (u,, u,) in solving for the home surface points x* also have 

im portant implications on the algorithms. We use the method described in the last 

section to choose them so as to guarantee the nearest points to be found.

A lg o rith m  7. (G lobal L oca liza tion  A lgo rithm )

In p u t:  Measurement points j/,, i =  1, • • - n;

CAD model of the workpiece;

O u tp u t:  Euclidean transformation g '  =  (R‘ ,p m).

S te p  0: (a) Set k  =  0;

(b ) Take initial values o 3,/30, To from Table 2.1 to obtain g0 = (R°,p°);

(c) Compute x°, i = 1, •• -n;

(d ) Compute £0;

S te p  1: (a) Compute updated transformation gk+u

(b ) Compute x f+1, i =  1, • • -n;

(c) Calculate £k+i;

(d) If the results satisfy the globally convergence criteria, then exit;

Else if £k+i is a local minimum, then add perturbation and return to Step
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Angles Initial orientation values
«o(u) 45 45 45 45 135 135 135 135
0oC) 45 45 45 45 45 45 45 45
7o(U) 45 135 -45 -135 45 135 -45 -135
oo(u) -45 -45 -45 -45 -135 -135 -135 -135
A (u) 45 45 45 45 45 45 45 45
7 0  ( b ) 45 135 -45 -135 45 135 -45 -135

Table 2.1: Initial orientation states

1(a).

Else set k = k + l  and return to Step 1(a).

N o

Y e *

N o

Y e *
No

Y e *

P e r t u r b a t i o n  i n d e x  m * m + i

No
m >  m .

Y e *

Y e *N o
H a v e  t o k e n  a l l  i n i t i a l - ^  
v a l u e s  f r o m  T a b l e  I t

Compute E k

T a k e  a  n e w  g , ,  

f r o m  T a b l e  1

Add perturbation 5

S o l v e  f o r  x .  , h > | , 2 , . . .  . n

O b t a i n  t r a n s f o r m a t i o n  m a t r i x  g  

a n d  s o l u t i o n  x  . .  i » l  2 . . . .  . n

lau u lu ck w t £  _! m a ra c  large auinlier 
T a k e  y ,  f r o m  T a b l e  I  t o  g e t  *n

Figure 2.7: Flow chart of the global localization algorithms
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2.8 Perform ance A nalysis o f L ocalization A lgorithm s

Critical issues to consider when adopting the above approach in a  real manufactur­

ing environment are: (1) reliability and accuracy of workpiece localization and (2) 

process time, which should be substantially less than the time taken to set up a 

workpiece. Affecting the reliability and the accuracy of workpiece localization are 

probing accuracy, locations of measured points, the number of measurement points, 

and localization algorithms used. While localization algorithms is a key factor af­

fecting the performance of a  localization system. In this section, we study and 

analyze, along with extensive simulation results, the performance of the localization 

algorithms in terms of robustness with respect to variations of initial conditions, 

accuracy and computational efficiency of localization results.

Figure 2.8 and 2.9 show the workpieces used in the simulation study. Workpiece 

A is a 2.5D object having a total of 3 conic faces. Workpiece B is a turbine blade 

from a Royce-Royce engine. The CAD model of the workpiece was designed using 

Pro/Engineer software and the IGES files were sent to a  Pentium PC for simulation 

experiments. The IGES database of the part consists of 10 sculptured surfaces in 

NURBS representation.

Measurement data  were simulated as follows: (i) A total of 70 points relative to 

Cm were chosen uniformly from the surfaces of each of the workpieces; (ii) A known 

transformation was applied to these points to get the measurement points relative 

to Cw  ; and (iii) random noise with a  normal distribution /V(/i,<72) was added to 

the d a ta  to  simulate measurement and dimensional errors. The mean value fi of the 

distribution depends on the particular measurement process whereas a nonzero fi 

indicates measurement bias. The variance o 1 depends on the particular machining 

process such as milling or grinding [33]. How the statistical parameters as well as 

the sampling process affect reliability and accuracy of the localization solutions is 

studied in [7, 25, 32]. In our simulation experiments, we choose different amounts of 

errors in measurement data to verify the influence of the errors on the performance 

of localization results. In addition, we also analyze whether the algorithms amplify 

the errors or not.

Let <70 =  (pa, R a) £ S E ( 3) and ge =  (pe, R e) £ SE(3)  be, respectively, the actual
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Figure 2.8: Shading model of a 2.5D Workpiece (A)

Figure 2.9: Shading model of a  turbine blade(Workpiece B)
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and estimated Euclidean transformations. We define the rotational and translational 

errors to be

£r =  |*|, where e“e = R^R*, |M | =  1

and

£ P =  IIPc ~  P a ||

2.8.1 R obustness

In the first set of simulation experiments, we study the robustness property of the 

localization algorithms with respect to variations in initial condition. For this we 

choose a  set of 30 measurement points from the data  set of 70 and apply it to  all 

algorithms. The initial conditions are set such th a t p° =  tj and R° is varied stepwise 

from zero degree to an angle about the equivalent axis u>a of the actual orientation 

R a a t which the algorithm fails to converge or converges to a local minimum.

Figure 2.10 plots orientational and translational errors computed with each of 

the algorithms as a  function of the number of iterations. It was observed th a t all 

algorithms converged successfully for orientation errors as large as 60 degrees for 

workpiece A and 30 degrees for workpiece B. When the orientational error exceeds 

this range, however, the algorithms could converge to a local minima or diverge. The 

ICP and the Tangent algorithms have slightly better robustness property for these 

workpieces than the other algorithms. Figure 2.11 shows the convergence region for 

each of the algorithms.

2.8.2 Global Convergence

We tested the global convergence of the algorithms with globally convergent al­

gorithm, where the updated Euclidean transformation is computed by either the 

Variational, the Tangent or the Hong-Tan methods. For this we choose a set of 

35 measurement points from the da ta  set of 70 and apply it to all algorithms. We 

varied the actual transformation over a wide range for both workpieces. By properly 

choosing the termination conditions and perturbations, and using the initial condi­

tions in Table 2.1, each of the algorithms becomes globally convergent, i.e., they are 

all successful in recovering the actual transformations. We repeated the experiments
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>N»

>N»
t

(a) Workpiece A (b) Workpiece B

Figure 2.10: A profile of convergence by each of the algorithms, where the Hong-Tan 
algorithm converges in a few iterations.
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Figure 2.11: Regions of convergence in 
each of the algorithms
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of the maximal orientation errors for
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Actual transformation HT » t /t VA TA
a 0 7 P i Pv Pi £ r £ p £ r £ p £ R £ p

50 -45 -150 100 -100 100 0.020 0.038 0.134 0.204 0.358 0.371
150 0 ISO 100 -100 100 0.051 0.043 0.292 0.323 0.219 0.276
70 -45 70 100 -100 100 0.043 0.083 0.120 0.110 0.304 0.324

-70 40 -70 100 -100 100 0.036 0.091 0.167 0.207 0.346 0.417
-30 -30 -30 100 -100 100 0.069 0.033 0.085 0.145 0.277 0.370

-150 0 150 100 -100 100 0.046 0.017 0.115 0.171 0.300 0.386
170 20 -170 100 -100 100 0.025 0.049 0.190 0.242 0.362 0.403
120 40 120 100 -100 100 0.018 0.011 0.142 0.188 0.362 0.403

Table 2.2: Transformation errors of the three algorithms a t various actual trans­
formations for Workpiece B. Unit of orientation error: degree; unit of translation 
error: mm. HTA: Hong-Tan algorithm, VA: Variational algorithm, TA: Tangent 
algorithm.

with different number of measurement points, the results were similar.

Table 2.2 shows some typical simulation results for Workpiece B. In this simula­

tion experiment, we choose n  =  0.002 and a  =  0.01.

2.8.3 Accuracy

We first compare the accuracy of several localization algorithms, then analyze the 

influence of errors on the accuracy of the algorithms.

The accuracy of an algorithm is defined by the orientational errors £r and trans­

lational errors £p after the algorithm has been applied to a workpiece. We consider 

that under the same termination conditions and with the same measurement data, 

which of the localization algorithms will yield the most accurate results? Figure 2.12 

plots the estimation errors for each of the algorithms as a function of the number of 

measurement points.

From the figure we see tha t the Hong-Tan algorithm has a better accuracy prop­

erty than the other algorithms when using the measurement points sampled from 

the sculptured surfaces of the turbine blade to do the localization. The five algo­

rithms have similar localization accuracy when the measurement points are sampled 

from the planar or cylinder surfaces. Thus under the same conditions, workpieces 

with simple geometries can be localized more reliably and with better accuracy than 

workpieces with complicated geometries. Figure 2.13 displays the estimation errors 

for the Hong-Tan algorithm in terms of the number of measurement points with
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(a) Workpiece A (b) Workpiece B

Figure 2.12: Accuracy of estimation achieved by each of the algorithms as a function 
of the numbers of measurement points

(a) Translational errors (b) Orientational errors

Figure 2.13: Transformation errors versus the number of measurement points, where 
the mean of the measurement noises is 0.002 and the variances of the measurement 
noises are <r =  0.01,0.02 and 0.03, respectively
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three different errors in measurement points p. =  0.002 and <Tj =  0.01, <r2 =  0.02 and 

£t3 =  0.03 , respectively. From this figure we see tha t transformation errors increase 

as the errors in the measurement data  increases. However, the Hong-Tan algorithm 

does not amplify the errors in the measurement data. Simulation results show th a t 

the other algorithms also have the similar property.

2.S.4 Com putational efficiency

Table 2.3 and 2.4 show the computational time versus the number of measurement 

points for Workpiece A and B obtained using the five algorithms. In the simulation 

(a 0, f t ,  7o) =  (-2 0 , -2 0 , —20)(degree) and p0 =  y. For workpieces having conic faces 

such as Workpiece A computational efficiency of each of the localization algorithms 

was quite satisfactory. The corresponding computational efficiency test result for 

workpiece A and Workpiece B are displayed in Figure 2.14 , where the vertical axes 

correspond to computation time in second and the horizontal axes correspond to 

the number of measurement points. Based on the simulation results we have the 

following observations:

•  Computational time in general increases with the number of measurement 

points. However, with less than 10 points longer computation time is required 

as more iterations are necessary to achieve the same accuracy.

•  Hong-Tan algorithm is substantially faster than the other algorithms, by at 

least an order of magnitude. This is due to the fact that Hong-Tan algorithm 

minimizes the minimal value of the objective function in (2.28). The other 

algorithms have comparable computational efficiency.

•  For workpieces with sculptured surfaces computational efficiency can be im­

proved by probing one or more planar faces, if possible.

2.9 C onclusion

In this chapter, we presented a  geometric theory for a  unified treatm ent of localiza­

tion of general 3-dimensional workpieces where points from their finished surfaces
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Ns

(a) Workpiece A (b) Workpiece B

Figure 2.14: Computational time versus the number of measurement points.

No.of Computational time of algorithms(s)
Points Variational ICP Tangent Hong-tan Menq’s

6 3.35 3.24 3.08 0.10 90.4
10 1.1 1.1 1.37 0.05 0.98
20 1.59 1.65 1.70 0.11 1.04
30 2.53 2.64 2.47 0.17 2.31
40 4.01 3.96 4.23 0.22 2.86
50 9.18 9.06 5.05 0.27 2.42
60 9.78 9.94 6.97 0.33 3.07
70 8.35 8.24 7.2 0.39 3.30

Table 2.3: Computational time of the five algorithms for Workpiece A

No. of Com mutational time of algorithms(s)
Points Variational ICP Tangent Hong-tan Menq’s

6 5.33 5.44 6.92 0.22 ♦ ♦

10 23.0 22.9 4.56 0.11 2.58
20 61.6 62.9 14.1 0.22 6.70
30 81.1 79.5 50.2 0.39 11.9
40 101.2 104.5 74.3 0.50 28.7
50 127.8 128.7 104.9 0.55 **
60 120.3 120.1 92.6 0.66 66.4
70 137.3 134.1 109.7 0.39 3.30

Table 2.4: Computational time of the five algorithms for Workpiece B
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fully constrain the rigid motions of the workpieces. First we presented the basic 

concepts and the properties of the Euclidean group S E ( 3). Then we formulated the 

localization problem for a general 3-dimensional workpiece as a minimization prob­

lem on the Euclidean group S E ( 3). The objective function minimized here is the 

sum of squared errors from transformed measurement points to their corresponding 

home surface points. The mathematics of the least squares problem was analyzed 

in detail where necessary conditions are derived for the optimal Euclidean transfor­

mation and the optimal home surface points. We described in detail an iterative 

method for solving the LSP and showed how different considerations in updating 

the Euclidean transformation lead to different algorithms.

Using the proposed global convergence techniques, the local algorithms become 

more robust relative to variation of initial conditions. The performance analysis of 

the localization algorithms showed tha t the Hong-Tan algorithm has better accuracy 

property and is substantially faster than the other four algorithms by a t least an 

order of magnitude. The five algorithms do not amplify the errors in measurement 

data.
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C h ap ter  3

R eliab ility  A nalysis for 
W orkpiece Localization

3.1 Introduction

The localization algorithms described in Chapter 2 provide a way of determining the 

transformation th a t defines position and orientation of a  workpiece. However, since 

there is a finite error associated with each measurement point, the result of local­

ization might be inaccurate or unreliable. The reliability of localization results also 

depends on probing locations of measurement points, the number of measurement 

points, measurement errors and surface quality of measured surfaces of a workpiece. 

Therefore verifying whether the localization results are reliable or not is an im­

portant problem tha t needs to be considered in practical applications. If we can 

determine whether the localization results satisfy the specified requirements in an 

autom ated process or not, then the reliability of the localization system can be guar­

anteed. In this chapter, we will first analyze factors affecting the reliability of the 

localization results, then present a method to verify the reliability of the localization 

results using statistical analysis. Using these methods, for example, we first mea­

sure less points(must be greater than 6) from surfaces of a workpiece, then compute 

the transformation of the workpiece by the localization algorithms, and analyze the 

reliability of the results. If the results are not reliable, then we measure more points 

and repeat the above process until the results satisfy the specified requirements. 

Finally, we can obtain the satisfactory and reliable results with least localization 

time.

45
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X
C -----------------■"w

Figure 3.1: A trapezoid to be localized

3.2 C hoice o f M easurem ent Points

First of ail, we use the following example to intuitively describe the reliability of lo­

calization with respect to the location of the measurement points and the associated 

errors.

To determine the orientation of the trapezoid as shown in Figure 3.1, we measure 

two points, say points 1 and 2, on edge A of the trapezoid. Due to measurement 

errors, which are usually a function of the accuracy of the probe and the quality of 

the workpiece surfaces, points 1 and 2 may deviate from the edge, say to points 1’ 

and 2’. Obviously, if the two points are very close to each other, the orientation of 

the trapezoid computed on the basis of the two points is not orientationally reliable, 

because the orientational error A0 is proportional to the measurement errors divided 

by the distance between the measurement points 1’ and 2’. Thus, the orientational 

reliability of the computed orientation will be better if the distance between the two 

measurement points is larger.

Assume now tha t a point on another edge of the trapezoid is probed to  determine 

the translation of the trapezoid. If point 3, which does not lie on the edge due 

to measurement errors, is probed, a  small measurement error along the normal 

direction of tha t edge might cause a  large computed translational error along the x' 

direction because the translational error is proportional to S, where S, as shown in 

Figure 3.1, is the measurement error a t point 3 divided by sin(<j>i). In other words, 

translational reliability of the computed translation along the x' direction is not 

sufficiently reliable because <f>\ is small. If point 4 on another edge is probed and the 

point has the same magnitude of measurement error as point 3, then translational

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

3.2. Choice o f Measurement Points 47

reliability along the x' direction would be increased because 4>i is larger than <pj, i.e, 

S' is less than S.

Similarly, for workpiece localization in 3-dimensions, the measurement errors and 

locations of measurement points affect the accuracy of the solutions of the localiza­

tion algorithms as well. T hat is, the reliability of the solutions of the localization 

algorithms critically depends on the location of the measurement points and asso­

ciated the measurement errors. If the computed transformation of a workpiece is 

not translationallv or orientationally reliable, then there is the possibility th a t the 

computed transformation does not satisfy a specified accuracy requirement. Thus, 

it is necessary to verify the reliability of localization.

For dimensional inspection, an im portant issue is to determine the number and 

locations of points which represent quality characteristics of a  measured feature. 

One hopes to obtain the maximal information using a  minimum of cost and time in 

an inspection process. Kim[39] introduced a sampling scheme using the concept of 

surface faceting. The principle of the scheme is to find a set of triangular facets which 

represent a  surface within the accuracy of approximation and to employ their ver­

tices as inspection points. This method concentrates on the complex region and the 

sample size is controlled simply by the approximation accuracy, which is physically 

related to the inspection conditions such as tolerance specification, manufacturing 

and measuring machine performance. The authors claimed that this sampling s tra t­

egy is more effective than the uniform sampling for the same sample size.

For a given accuracy of a manufacturing process and a tolerance specification, 

Menq[25] determined the minimal number of inspection points on a  surface through 

hypothesis test and then distributed these points uniformly over the surface in a 

latticed manner. Woo[51] derived mathematically the sample size from number the­

ory and obtained their locations using Hammersley points in a  parametric domain. 

His simulation results showed tha t much more points should be used for more com­

plex surfaces to achieve the same level of inspection accuracy. Pahk[53] suggested 

a hybrid distribution method for a given sample size. The distribution depends on 

the curvatures of a  surface. Cross sections were used to inspect hypoid gears and 

turbine blades by Litvin[52] and Bojanic[54].
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[f workpiece localization is used in automatic workpiece setup and the inspection 

information is not required in the process of setting up a workpiece, the strategy of 

determining the number and locations of measurement points may be different from 

one in the dimension inspection. As described in the example of the trapezoid, the 

measurement points may be uniformly distributed. And they should be separated 

as far away as possible on surfaces.

In this thesis, we focus on the study of workpiece localization algorithms which 

are applied in automatic workpiece setup. Thus the points we used are uniformly 

distributed. The number of measurement points was chosen in different sets in order 

to compare the influence of the points number on the accuracy of the localization 

results under the same measurement errors.

3.3 R eliab ility  A nalysis w ith  F -test M ethod

In this section, we develop a  reliability analysis algorithm with the F-test method 

in statistics.

3.3.1 Analysis o f error bounds

Denote by £. the global minimum of the objective function with optimized y* = 

(R m,p m) and Xf, i = 1, • • -n.

£• =  E < m T( y . - p ‘) - * .* ,< > 2- (3.1)
1 = 1

Due to the errors in measurement data, the computed optimal solution y* differs 

from the actual transformation ya =  (Ra,pa)• Since £. is the minimum at g*, we 

have

=  ^ { R l ( y i  ~  Pa) - x mi , n ’ ) -  >  £ . .
i=i

Assume tha t £. is increased by £\ such tha t £a = £. +  £ lt where £\ is due to 

translational error and/or orientational error. Again, we assume th a t the deviations 

of transformed measurement points (y ’)- I y, and g~lyt from the home surface, < 

(#*)T(y, -  p’ ) -  i* , n’ > and < R%(y,- -  pa) -  x ' ,  n" > for i =  1, 2, • • •, n, are both 

normally distributed. Then, £. and £a are the sample variances of the samples < 

(i?*)T(y,—p’ ) —i* , nj > and < R K y i - p ^ - x ' . n '  > for i =  1, 2, • • • , n, repectively.
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Thus, we can use the F-test in statistical analysis to compare the variances of the 

two samples. Let

be the F-distribution. The two samples have the same size n and both of them have 

six unknown parameters. Thus, they have the same degree of freedom, / =  n — 6.

Since we know tha t £a > £., the null and alternative hypotheses can be formu­

lated:

r r  2  2l io • —* (To
rr 2 ^ 2H x : (Tj > a;

this is a one-tailed test. From the critical values table of the F-distribution, we can 

find the critical value a t the e-level corresponding to the degrees of freedom

(/,/) , where e is a  confidence limit[63]. Then, when F  > F ^ j j ,  there is an evidence 

in favor of H\. By the definition of the critical value of the F-distribution[63], we 

have

P ( F  >  F e(M)) =  €.

This also means that

P ( F < F « „ i 0 ) =  l - e .  ( 3 .2 )

In other words, the probability tha t F  =  {£. + £ i) /£ .  < Fe(ti/) is equal to (1 — e). 

Using this result, we can compute the upper bound of the translational error and the

orientational error. These error bounds can be used to verify whether the solutions

of the localization algorithms satisfy a specified accuracy requirement or not; i.e., 

whether the solutions can be used reliably to localize the workpiece or not.

3.3.2 Translational reliability

Let Sp =  (Spx, Spy, 8p.)T be the translational errors in x ,y  and z —axis directions, 

respectively, and

d =  \JSpl + 8p^ + 8pl
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the translational error. Then, the deviation of the measurement points from their 

home surfaces along the normal directions is given by

8p

' sr '

i

_
i

n »?

X .
:=  Np • 8p,

where n, is the surface normal of 5, a t x*. Let £p =  sp ep, then

£p =  8pT Np8p 

:= SpTJp8p.

Therefore, the value of the objective function a t xj and ga due to the translational 

errors is given by £a = £. + £p. From (3.2), we have

P{€a/ €p <  F c(/i/)) =  1 -  €.

T hat is, the probability of

£p/£.  < (Fe(l,„ -  1) (3.3)

is equal to (1 — e).

Proposition 3.3.1. Translational error d along any direction is bounded by

d < m m -  1)£./AP)*, (3.4)

where \ p is the smallest eigenvalue o f Jp. The worst case direction, in which the

translational error is the largest, is the direction o f the eigenvector corresponding to

Ap.

Proof. Assume tha t the eigenvalues of Jp are arranged in the order: Xi > 

A2 > A3. Since Jp is symmetric and positive definite, the A[s are positive, and the 

corresponding unit eigenvectors Ui,U2»u3 a re orthogonal with each other. Then

JpVi = A,Uj f o r  i = 1 ,2 ,3 .
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Since the eigenvectors span R 3, Sp 6 R3 can be written as a  linear combination of 

the y,'s:

Sp — “l" fljUj -(■ fl3t?3

Using dr — SpTSp =  a\ +  a ; 4- 05, yields

£p =  SpT JpSp > d2X3.

Let Ap =  A3, we have

d <  ((Fe(M)- l ) £ . / A p)*.

□
3.3.3 Rotational reliability

Let R a € S O (3) be the actual orientation matrix, then the computed orientation 

matrix is

R.(w ,6) = e'ieR a,

where 0 is the orientational error about an axis w 6 R 3. If 0 is small, then

Rm = (f+ w O )R a.

The deviation of the measurement points from their home surfaces along their 

normal directions as a result of the orientational error is given by

w6

u  1 ’ («l X qx)T ‘
(n2 x q2)T

* *

. («n x qn)T

£r =

:=  N r • wd ,

where <7, =  R^yi. Let £r =  s j e r, then

£r = wTN j N rwd2 

:=  wTJ riv02.

(3.5)

Therefore, due to the orientational error 0, £a =  £. +  £r . From the F-test, we 

have

£r/£ .  < — 1). (3.6)
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P ro p o s itio n  3.3.2. Rotational error 6 along any direction is bounded by

d < ( ( F eiU)-  1)£./Ar)*, (3.7)

where Xr is the smallest eigenvalue o f  Jr . The most unreliable direction in orienta­

tion is the eigenvector direction corresponding to Ar .

P ro o f . It follows from tha t of Prop. 3.3.1.

Using the results of Prop. 3.3.1 and Prop. 3.3.2, we can estim ate the upper 

bound of the translational error d and the orientational error 0, and verify whether 

the upper bounds are less than the specified accuracy. If not, those solutions can not 

be used reliably to localize the workpiece. We need to either increase measurement 

points or choose other proper measurement locations until the reliability test is 

satisfied.

3.3.4 Simulations

Fourteen sets of measurement d a ta  with different measurement noise (pi =  0.02, =

0.03) and (/i2 =  0.02 , a 2 =  0.01) were used to test the reliability of localization 

for Workpiece B. Setting the confidence limit defined in last section to e = 0.01, we 

computed the upper bounds of the translational errors and the orientational errors 

by the Hong-Tan algorithm. This means tha t the confidence of the upper bound 

errors is 99%.

The results are shown in Figure 3.2. From the figure we see th a t the upper 

bound errors increase when the measurement noise increases, while they decrease as 

the number of measurement points increases. When measurement points are spread 

out uniformly, the corresponding upper bound of the errors becomes smaller than 

tha t of the measurement points which are not spread out uniformly.

3.4 Conclusion

This chapter provided an effective method to analyze the reliability of workpiece 

localization, we discussed the factors affecting the accuracy and reliability of local­

ization results. Using the F-test method in statistics, we analyzed the translational 

and rotational reliability of localization results. We provided the error upper bounds
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(a) Upper bounds of translational er- (b) Upper bounds of orientational er­
rors rors

Figure 3.2: Upper bounds of transformation errors versus the number of measure­
ment points.

of localization results, with which we can verify whether the upper bounds are less 

than the specified accuracy or not. Finally, we showed simulation results to demon­

strate  the effectiveness of the analysis methods.
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C h a p ter  4

Localization o f Partially  
Finished W orkpieces

4.1 Introduction

A partially finished workpiece has both finished and unfinished surfaces and points 

from the finished surfaces are inadequate to fully constrain the rigid motions of the 

workpiece. In this case, the localization problem is to align the CAD model with the 

workpiece such tha t all points measured on the finished surfaces of the workpiece 

match closely to corresponding surfaces on the model while all unmachined surfaces 

lie outside the model to guarantee the presence of material to  be machined at a later 

time. Applications of the study include workpiece setup, refixturing and dimensional 

inspections in a flexible manufacturing environment.

In this chapter, we first introduce some basic concepts on the homogeneous space 

of the Euclidean group and its geometric properties, which will be used to formulate 

and solve the hybrid problem. Then, we discuss the hybrid problem using two 

kinds of methods, the least squares method and the minimax method. In addition, 

we formulate the envelopment problem under different considerations. In the least 

squares method, the machine volumes on unfinished surfaces should satisfy specified 

requirements. While in the minimax method, the problem is formulated to find 

maximal machine volumes existing on unfinished surfaces. Finally, we compare the 

performance of the two methods in terms of accuracy and tolerance values.

•55
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4.2 Configuration Spaces o f Sym m etric Features

Observe first tha t when the finished surfaces of a workpiece are inadequate to fully 

constrain the rigid motions of the workpiece, the set of free motions remaining 

while aligning the finished surfaces with the corresponding surfaces on the model 

must form a subgroup G 0 of the Euclidean group, S E ( 3). The subgroup Go is 

referred to  as the symmetry subgroup of the finished surface(s). For instance, if the 

finished surface is a plane, then Go consists of translations on the plane and rotations 

about the normal of the plane. On the other hand, if the finished surfaces are two 

intersecting planes, then Go consists of translations along the line of intersection. 

Since rigid motions in G0 do not change the location and orientation of the finished 

surfaces, the configuration space in which the finished surfaces are aligned with the 

corresponding surfaces of the model may be identified with the homogeneous space 

S £ (3 ) /G 0.

In Chapter 2, we introduced tha t S E ( 3) is identified with the configuration 

space of a  feature, where an element g =  (p, R) € S E ( 3) represents the position and 

orientation of the feature.

If the feature is symmetric, however, then it has a  symmetry subgroup Go C 

S E ( 3), and two Euclidean transformations g\ and g2 such tha t p f 1 • g2 (• Go would 

leave the feature unchanged. If p f 1 • g2 G Go, then gi is said to be equivalent 

to g2, i.e., gi ~  g2. For example, if the feature is the xy-plane, then the set of 

transformations of the form

G0 =  {e(A‘€*+Â + ^ . ) | Al) x 3, A3 € R} (4.1)

leave the xt/-plane unchanged. In other words, the set of transformations of the 

form gGo, for some g 6 5£ '(3), represents the same location of the feature and the 

configuration space of the symmetric feature is more properly identified with the set

S E {Z )/G 0 =  {gGo\g G S E ( 3)}. (4.2)

SE(Z)/G o  is called the (left) coset space. It can be equipped with a topology and 

a  differentiable structure to make it a differentiable manifold of dimension (6 —
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dim(Go)) [4]. In fact, S E (3 ) /G 0 admits a  transitive action of S E ( 3) given by

0  : S E ( 3) x S E (3 ) /G 0 — > S E (3 ) /G 0 : (h, gG0) — + h ■ gG0. (4.3)

Physically, h • gGo is the plane obtained by applying the rigid motion h € S E ( 3) to 

the plane gGo. In other words, gGo can itself be thought of as the plane obtained 

by applying the rigid motion g =  (p, R) 6 S E ( 3) to the xy-plane. It is the plane 

which passes through the point p 6 R3 with the normal vector u3 € R3, where 

R  =  (vi,V2,v 3) 6 SO (3). An action is said to be transitive if any two planes are 

related by a rigid transformation and a differentiable manifold with a  transitive 

action of a  Lie group is called a homogeneous space[4] of the Lie group.

We give three additional examples to  illustrate the generality of the approach.

Example 4.2.1. (Two intersecting planes)

Consider two planes for which the line of intersection is given by the 2-axis. The

group of rigid motions which leave the two intersecting planes unchanged is the set

of translations along the 2-axis,

Go =  {ex^\X  € R}. (4.4)

Thus, the configuration space of the two intersecting planes is given by S E (3 ) /G q, 

which is a homogeneous space of dimension 5.

Example 4.2.2. (A cylinder)

Consider the case when the finished surface is a  cylindrical surface. A cylindrical 

feature is represented by its axis, that is, a  line in R 3. Let the reference configuration 

of the cylinder be the 2—axis, then, the set of rigid motions leaving the cylinder 

unchanged consists of rotations about and translations along the axis,

Go =  {e(A,«3+A:,«‘)|A1, A2 6 R} (4.5)

and the configuration space of the cylinder is given by the 4-dimensional homoge­

neous space S E (3 ) /G q. Given a point gGo € S E (3 ) /G q with g =  (p, R), we have all 

information on the location of the cylinder, where p £ R 3 is a point on the axis and 

v3 € R 3 is the direction vector of the cylinder.
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Exam ple 4.2.3. (A  helicoid surface)

Consider the case when the finished surface is a helicoid surface as shown in Figure 

4.1. A helicoid feature is represented by its axis and pitch. Let the reference configu­

ration of the helicoid be the z —axis, then, the symmetry subgroup GJJ of the helicoid 

surface is a one-parameter subgroup of S E ( 3) generated by a twist G se(3) with 

a pitch p( € (0, oo) along the z-axis, i.e.,

6 ’S =  {e<‘ * | 0 € [ O , 2 7 r ] }

and the configuration space of the helicoid surface is given by the 5-dimensional 

homogeneous space SE {Z )/G q.

In addition to the above examples, there exist other types of symmetric fea­

tures, e.g., spheres, cones and tabulated surfaces, and we refer to Figure 4.1 for the 

symmetry subgroups of these features. In machining practices, however, usually a 

plane or a pair of parallel planes, a  pair of intersecting planes or a cylindrical surface 

is used as reference (or finished) surfaces. Three planes in general position would 

uniquely determine the Euclidean transformation of the workpiece and make the 

problem a (regular) localization problem. Thus, the three cases considered above 

would account for all possibilities of finished surfaces in general machining practices.

The exponential coordinates on S E ( 3) can be extended to give a  coordinate 

system on its homogeneous space S E (3 ) /G 0. Let Q0 be the Lie algebra (i.e., the 

tangent space to G0 a t the identity) of G0, and choose a complementary space M o  

so tha t

M 0 © Go =  se(3). (4.6)

For example, let Go be the symmetry group of the x y —plane given by (4.1) and 

{£>'}?=t the canonical basis of R 6, then

<7o = s p a n { £ i ,£ 2,6 i}  (4.7)

and

M o  = sp an { 6 ,,6 ,,£5}.
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Features Symbols
Sym metry 

G roup  G 0

Configuration 

Space Q D eso ip tfon  o f  sym m etry c roup Dimension

Sphere o S(X3> SE<3VB
0

*T (3)
Rotation about the center o f sphere 3

Plane / ~ ^ ~ y SE(2) SE13VC
0

Rotation about the normal o f 

the plane A  translation in the plane
3

Cylinder S O (2 )X T (l) SE<3V^ Rotation about and translation 
along the axis

4

Intersecting planes T(l) SE<3vq,
Translation along the direction of 

the intersecting line o f two planes
5

Cone

(resolved surface) - Q > - SOC2) SEOVq, Rotation about the axis of cone 3

Tabular Surface T(l) SEOVCj, Translation along the sweeping 

direction
5

Sculptured Surface 

without symmetry
1 SE(3) Identity element 6

Helicoid Surface < SEOVGj
Screw motion along the 

helicoid axis 5

Note: G* t* iunc-paruncter subgruupof SE(31 gcnerued by a iw u l t c O )  w u h ap ilch  p^(U . oo) along Ihc helicoid ax il

Figure 4.1: Symmetric features and their configuration spaces

It is not difficult to  see that the map

'if : M o  © Go — ► S E { 3)

(m, A) i— ► exp(m) exp(A) (4.8)

is a  local diffeomorphism. Let g 6 S E ( 3) be a representative of gG0, and decompose 

g into

g =  exp(m) exp(A), m € M 0, A 6 Q0.

Let r  =  dim(Go), f  =  6 -  r, (fji,- --fjr) a  basis of Q0 and (fjr+l, • • -ife) a  basis of M o -  
Express

m =  miT]r+i +  • • • +  rrifTje
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for some m =  (m i, • • -m f ) € R''. Then, the map

*  : S E (3 ) /G 0 —+ R f

gG0 '— ► (m i, • ••m ,) (4.9)

is well defined, i.e., independent of the choice of representative elements, and gives 

the desired coordinate system for S E (3 ) /G 0. Note tha t restricting the exponential 

map of S E ( 3) to Qq defines the exponential coordinates on G0.

Note th a t if P  and P' are two elements in V  such tha t P' = goP, where V  

denote the space of all planes in R3 and g0 is a Euclidean transformation, then, their 

symmetry subgroups are related by

Gp> — ffoGpffo-1 .

Furthermore, their Lie algebras are related by the Adjoint transformation

QP> =  Ad30{Qp),

and

A' =  AdgoX = X\Adgô i -F XoAdgô 2 +  h ArAdgo£r.

where

=
R q PqR q 
0 Ro

Correspondingly their complementary spaces a t the point gQ 6 S E ( 3) are simply 

related by

M p i — Adgo(Mo).

In other words, the symmetry subgroups of two different planes in V  are simply 

conjugate of each other, and all have the same dimension. This allows us to simply 

choose any plane in V  for our study and the rest can be obtained by the adjoint 

transformation.

4.3 H ybrid L ocalization /E nvelopm ent P roblem

4 .3 .1  P r o b lem  F orm u lation

The hybrid workpiece localization/envelopment problem is to align the CAD model 

with the workpiece such tha t all points measured on the finished surfaces of the
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workpiece match closely to corresponding surfaces on the model while all unmachined 

surfaces lie outside the model to guarantee the presence of material to be machined 

a t a  later time. We now give a geometric formulation of the problem.

Denote by Cm the model frame of the workpiece and Cw  the machine reference 

frame. Let {y, G R 3, i  = l , - - - n }  be a  set of points measured from the finished 

surfaces of the workpiece, and {2, G R 3, i = l ,- --m }  be a set of points measured 

from the unfinished surfaces, y, and z, are expressed in C w  Let Go (A) be the 

symmetry subgroup of the finished surfaces, parameterized by A 6 R r (i.e., A G R r 

is the exponential coordinates of Go), and y G S E ( 3) the Euclidean transformation 

taking C m to C w  We assume tha t the correspondence between a  measured point 

with its home surface is known (e.g., register the home surface when performing the 

measurement), and the CAD model of the workpiece is available.

P ro b le m  4.3.1. (T h e  h y b rid  lo c a liz a tio n /en v e lo p m en t p ro b le m )

Find g0 G S E {3 ) /G 0 so that the following objective function is minimized

n

£(!?) =  -X i,n< )2, (4.10)
t=i

where x,- G R 3 is the corresponding point of y,- on its home surface 5,-, i.e., a  point 

on Si which is nearest to y - 1y,, and n, G R 3 the unit normal vector to  the home 

surface a t x,. Let

y(A) :=  y0G0(A) (4.11)

and find y(A) G S E {3) to  minimize the objective function

m

£e(s(A)) =  2 £ (0 _1(A)* -  “>•>n*)2. (4.12)
1=1

subject to  the inequality constraints

(y " l (A)z< -  Wi, n.) > S{ i =  1, • • -m, (4.13)

where G R 3 is the corresponding point of z< on its home surface Si, rii the outward 

unit normal vector of 5, a t u;,-, and <5,- the machine volume of the unfinished surface

S t.
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Note tha t in (4.10) and (4.12), the residual error we choose to minimize is the 

signed distance from the measurement point (or <7_ l2.) to the corresponding 

home surface, i.e., the projection of g~lyi — x, along the outward unit normal vector 

n,. In contrast to the usual approach which minimizes the sum of squared errors of 

ll5- l J/» — x i||2 [19, 25], this formulation leads to faster and more accurate algorithms 

as concluded in Chapter 2. Furthermore, the hybrid problem under this formulation 

is decomposed into a symmetric localization problem on S E (3)/G o, i.e., to match 

closely the measured points on the finished surfaces of the workpiece to the corre­

sponding surfaces on the model, and an envelopment problem on Go, i.e., to align the 

workpiece with the model along the directions of G 0 so th a t all unmachined surfaces 

lie outside the model. This decomposition is made possible by the decomposition 

formula (4.11). The inequality constraints in (4.13) ensure th a t the distance from 

the measured points on each unfinished surface to the corresponding surface of the 

model is greater than the volume of the material to be removed (see Figure 4.2). If 

the finished surfaces of the workpiece fully constrain the rigid motion of the work­

piece then G0 =  / ,  the identity transformation, and the problem becomes simply 

the regular localization problem as discussed in Chapter 2. On the other hand, if 

there are no finished surfaces, then the problem becomes an envelopment problem 

on S E (3 ).

Since the two problems are decoupled we can first solve the symmetric localiza­

tion problem and then use the solution go in (4.10) as an initial condition to  solve 

the envelopment problem. The solution of the later problem will then automatically 

ensure simultaneous satisfaction of the requirement imposed by the hybrid problem.

4 .3 .2  T h e  S y m m etr ic  L oca liza tion  A lgorith m

When finished surfaces of a  workpiece can not fully constrain the rigid motions of 

the workpiece and the finished features have symmetric properties, then the general 

localization problem becomes a symmetric Localization problem. The paper[16] 

discusses the symmetry localization problem and develops a Fast Symmetric Local- 

ization(FSL) algorithm for the problem (4.10). Here we review the Fast Symmetric 

Localization (FSL) algorithm.
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Model Surface

Unfinished Surface

/ C m

Figure 4.2: Signed distance from a transformed measurement point to the corre­
sponding home surface

The FSL algorithm starts  with an initial condition g° 6 SE (3)/G o to compute 

the corresponding point x° and n° of {g°)~1yi, i =  1, • • - n, by minimizing the function

subject to the home surface constraints. For most symmetric surfaces, an explicit 

solution of the above problem can be obtained [16]. W ith (gk, x *) computed, the 

Euclidean transformation update gk+l €  S E (3 )/G 0 is then computed as follows: 

First, let be a basis of Go, the Lie algebra of Go, and choose a basis

{J/r+i, • • -Ve} for the complementary subspace M 0 of Go, i.e.,

M o  © Go =  se(3).

Express gk+l in terms of gk as

((ST0) - 1* - * , , " . ) 2

g k + l  =  g k e i.m i 1 r + il----- (4.14)

and find m  =  (m i, • • -mf ) 6 R 1" by minimizing the function

n
€{m) = ^ 9 k̂ r ly i - x l n k)2. (4.15)
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From the minimization process, a system of linear equations is obtained for m  € R *1

A m  =  b, (4.16)

where A  =  (a,j) € R''*’' and b = (6,) 6 R** are given by
re

s>j = (n j)Tf}ix lJ,
i=i

ttsit, tj = (n*)7’((5*)"1yj -  i* ).
i=i

Applying the solution of equation (4.16) to (4.14) gives the desired transformation 

update and the iteration continues until the objective function (4.10) ceases to de­

crease. Then, the optimal solution g0 for problem (4.10), called a representative 

transformation in later sections, is obtained. Note tha t a key point of the FSL algo­

rithm is tha t the Euclidean transformation update in (4.14) is computed only along 

the directions of M o,  as perturbations along Q0 would yield no useful information 

with the given symmetry of the problem.

A lg o rith m  8. (T h e  F ast S y m m e tric  L oca liza tion  (F S L ) algorithm [16])

In p u t:  (a) Measurement data

(b) CAD description of the finished surfaces with symmetry subgroup Go, 

and a  basis {r}r+i, • • •%} for M 0;

O u tp u t:  Optimal solution g0 6 SE {3 ) /G q;

S te p  0 : (a) Set k  =  0;

(b) Initialize g°;

(c) Solve for x° and n°, i =  1, • • -n;

(d ) Calculate £° =  E .((5 °)_1yf ~

S te p  1 : (a) Let gk+1 =  gke^mi’’r+l+■ and solve from (4.16) for m  6 R f;

(b) Solve for x k+l and n*+1;

(c) Calculate £*+1;

(d) If (1 — £/t+1/£ /t) > e, set k = k  -|- 1 and go to Step 1(a); Else exit and 

report results.
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4 .3 .3  T h e  E n v e lo p m en t A lg o r ith m s

With the solution g0 of the symmetric localization algorithm as the initial condition 

of the envelopment problem, we solve the envelopment problem. The corresponding 

home surface point w° and n° of (<7°)- 1Zj,i =  1 ,•••m  is computed by minimizing 

the function

~ WhTli)2

subject to the home surface constraint. Similar with the method described in Chap­

ter 2, Newton’s algorithm together with a parametric description of the home surface 

can be used to solve this problem.

The envelopment problem is a nonlinear constraint optimization problem. To 

solve it easily, we use the following method to convert the nonlinear optimization 

problem into a sequence of linear programming(LP) problems.

In general, the solution of a  constrained minimization problem of the form

m i n W f M t )  < 0} (4.17)

where 0  : R n —► R is a C^-function and <j>: R" —► R m a set of nonlinear constraints, 

can be obtained by solving a sequence of linear programming (LP) problems with 

properly chosen initial conditions. To derive the corresponding LP problem, let 

qk € R n be an initial condition satisfying the constraints and consider

9* + i= 9 * +9- (41g)

where q € R n is a perturbation term. Computing the Taylor series expansion of ip(-) 

and <£(•) a t qk and retaining the first-order terms yield

1p{qk+l) a  4>(qk) +  (dip(qk),q)

and

<̂ (9fc+l) a  <t>{qk) +  D<f>{qk) • q

where di)(qk) 6 R lxn and € R mxn are, respectively, the differential of 0  and

the Jacobian of 0  a t qk . Then the solution of the LP problem

min{<d^(9fc), ?)|0 (?fc) +  D<t>{qk) • q < 0} (4.19)
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ensures tha t the constraints are satisfied while the function is minimized.

Now we apply the above method to the envelopment problem. Consider th a t the 

Euclidean transformation update is of the form

g k + i  _  g k e x  ( 4  2 0 )

where

A =  Xifji +  F Xrfjr

and (rji, • • -f}r) is a  basis of Go. Then, A =  (Alt • • • Ar ) £ R r is computed by solving 

the following linear programming problem

min {(d£e(gk), X )\f(gk) + D f(g k) • A < 0} , (4.21)

where d£e 6 R r is the differential of £e a t gk,

(9~l (x )zi ~ -  5!
/  : R r — > R m, A i (4.22)

- (9  ( ^ ) ~m  UJm ,

is the vector of constraints and D f  € R mxr the Jacobian of /(• ) . Let d£e := 

(ai, • • - ar ) € R r, and D f  :=  (&,_,) € R mxr, then

i=i
bH =

Pi =  ({9k)~V* i -

We summarize the preceding discussions into the following envelopment algo­

rithm:

A lg o rith m  9. (T h e  E n v e lo p m en t a lg o rith m )

In p u t:  (a) Measurement data  { z ijjlp

(b ) CAD model of the workpiece and a basis (fji, • • -T}r) for Q0;

(c) A representative transformation g0 6 SE(3)/G o  from the FSL algorithm.

O u tp u t:  Optimal solution gm € S E ( 3) of the hybrid problem.
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S tep  0 : (a) Set A: =  0 and g° = gQ;

(b ) Compute w" and n°, i =  1, • • -m;

(c) Calculate =  £ i<(So )-1*  -  a;?,*?)2;

S te p  1 : (a ) Let g*+I =  gkek, A € C?o, and solve for A € R r;

(b ) Solve for tnf+t and n f+l, i = 1, • • -m;

(c) Calculate £k+l;

(d ) If (1 -  £ k+l/ £ k) < e and ((<7fc+1)- 12, -  wk+l, n k+l) > then report the 

satisfactory solution gm =  gk+l\ Else, set k = k  + I

(e) If k  < A'o, then go to Step 1(a); Else, report tha t a satisfactory solution 

does not exist and exit.

Yes

No

Yes
Unsatisfy N times ?

No

Satisfy the envelopment 
— .requirement 1 ^ - - ' ' '

Obtain a solution

Can not find a satisfactory 
transformation

Given measurement points

Compute the representative transformation

Solve for x J with g t  and z j , i= 1,2,...

Compute the optimal A *and update 
the satisfactory transformation

®kfl =®k °  (

Figure 4.3: Flowchart of the hybrid localization/envelopment algorithm
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4 .3 .4  T h e  H ybrid  A lgorith m s

Combining the FSL algorithm and the Envelopment algorithm, and using the solu­

tion g0 of the FSL algorithm as the initial condition of the Envelopment algorithm 

yield the Hybrid algorithm. Figure 4.3 shows the procedure of the Hybrid algorithm.

4 .3 .5  S im u la tion  R esu lts

In this section, we perform simulation studies of the proposed hybrid algorithm us­

ing two typical examples from manufacturing practices. In the simulation study, 

measurement d a ta  were generated by first choosing a  set of points distributed uni­

formly on the CAD surfaces of the workpiece, next adding machine volumes to 

the unfinished surfaces, then applying a known Euclidean transformation to these 

points and adding random noise to the results. The noise data, which simulates 

measurement and machining errors, is assumed to be normally distributed with a 

mean p. and a variance rr.  Based on a particular machining process, we choose 

(p =  0.02, o  =  0.01).

Example 4.3.1. (A workpiece with one finished surface)
We consider first the case of a workpiece having a (planar) finished surface 5 i and 

several unfinished planar surfaces ( 5 i ,52, 5a) as shown in Figure 4.4, where the 

dashed lines show the CAD model of the workpiece and the solid lines show the 

actual workpiece. The finished surface coincides with the x y —plane of the CAD 

frame and thus the symmetry subgroup and its complementary subspace are given 

by

Go =  {e(A,̂ ,+Aa^,+Aâ ‘)|A1, A2, A3 € R}

and

A40 =  span {|a, 14,1s}.

Thirty points were measured from the finished surface of the workpiece and the fast 

symmetric localization algorithm is used to align the surface with the corresponding 

surface of the CAD model. Figure 4.4(a) shows the workpiece before the symmetric 

localization and Figure 4.4(b) shows the workpiece after the solution from the FSL 

algorithm has been applied to the workpiece. Note tha t in Figure 4.4(b) the finished
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C A D  M odelW orkpiece

(a) Before symmetric localization

s,

k
(b) After symmetric localization

Figure 4.4: A workpiece having one finished surface

surface of the workpiece matches closely with the corresponding surface of the CAD 

model but the workpiece does not fully envelop the CAD model. Seventy measure­

ment points were then measured from the unfinished surfaces of the workpiece and 

the Envelopment algorithm was applied to the workpiece with the solution from the 

FSL algorithm as the initial condition. The CAD model was finally aligned with the 

workpiece along the symmetry subgroup of Si so tha t all measurement points from 

the unfinished surfaces are now outside the CAD model to guarantee the presence 

of materials to  be machined a t a later time, and the result is shown in Figure 4.4(c).

Table 4.1 gives the numeric values of the Euclidean transformation computed 

a t different stages. The total computation time under a  Pentium/166MHz is 0.04 

seconds (8 iterations) for the symmetric localization algorithm and 0.06 seconds for 

the Envelopment algorithm.

Figure 4.5 shows tha t after applying the hybrid localization/envelopment algo-
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Exact transformation Initial condition

0.866025 -0.50000 0.000000 
A =  0.500000 0.866025 0.000000 

0.000000 0.000000 1.000000

p =  [ 20.00 10.00 20.00 ] T

flo =
0.749825 0.124110 0.649892 
0.433698 0.649600 -0.624441 

-0.499669 0.750078 0.433260

>0 =  [ -40.00 50.00 80.00 ] T

Solution of FSL algorithm Solution of the Envelopment algorithm

0.173684 -0.984808 0.000156 
A . =  0.984808 0.173648 0.000122 

-0.000147 0.000133 1.000000

p . =  [ -40.251901 50.040353 20.00971 ]

A* =  

P* =

0.863946 -0.503585 0.000156 ' 
0.503585 0.863946 0.000122 

-0.000147 0.000133 1.000000

20.152927 10.040321 20.00971 ] 
6X =  1.8, =  1.9, <S3 =  1.6

Table 4.1: Solutions computed a t different stages for Example 4.3.1

rithm to the workpiece, all measured points from all unfinished surfaces have enough 

machining volumes for later stages of machining.

E x am p le  4.3.2. (A  w ork p iece  w ith  tw o fin ished  in te rse c tin g  su rfaces)

Consider next the case of a workpiece having two planar finished surfaces Si and S2 

which intersect along a  line, see Figure 4.6. The symmetry subgroup of the finished 

surfaces is given by

Go =  {ex̂ |A  € R} 

and the complementary space M 0 of <70 is spanned by

Mo  =  s p a n d ^ & iln ls . ls } -

The configuration space of the symmetric localization problem is five-dimensional. 

Forty measurement points were taken from the finished surfaces of the workpiece to 

align the workpiece with the corresponding surfaces of the CAD model, and the result 

is shown in Figure 4.6(b). Fifty measurement points from the unfinished sculptured 

surface of the workpiece were used to envelop the CAD model along the symmetry 

subgroup of the finished surfaces, and the result is shown in Figure 4.6(c). Table 4.2 

shows the transformations computed a t different stages. The computational time is 

0.04 seconds (9 iterations) for the symmetric localization algorithm and 0.2 seconds 

(3 iterations) for the Envelopment algorithm.
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Figure 4.5: Deviations of transformed measurement points from their CAD model 
surfaces

In the simulation study, we also analyzed the robustness of the hybrid algorithm 

with respect to variations in the initial conditions. We set the initial translation 

to be the centroid of the measurement d a ta  and vary the orientation from —100 

degrees to +100 degrees. The simulation results showed tha t the algorithm converges 

for all these initial conditions and is indeed robust. This reconfirmed part of our 

observations made in [16].

Exam ple 4.3.3. (A  satisfactory transformation)

A complicated workpiece, like the turbine blade shown in Figure.2.9 has three fin­

ished surfaces and two unfinished blade surfaces. We find a satisfactory transfor­

mation such that the three finished surfaces lie within their profile tolerance zones 

t =  0.03mm and one blade surface has a t least 0.5mm machine volume to  be pre­

cisely machined.

In this example, the three finished surfaces can uniquely determine the represen­

tative transformation g0. The symmetry group of the finished surfaces is identified 

as a unit matrix, i.e., Go =  / .  We measure 50 points uniformly on each one of the 

four surfaces respectively.

Table 4.3 displays the exact and computed Euclidean transformations a t the 

different stages. The simulation results also show that if the specified tolerance is 

t =  0.02mm, then a satisfactory transformation can not be obtained. This means
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W orkp iece

)■

C A D  M odel

(a) Before symmetric localization

(b) After symmetric localization (c) After envelopment

,S.

Figure 4.6: A workpiece having two intersecting finished surfaces and one sculptured 
unfinished surface

that the finished surfaces do not satisfy the requirements of the specified tolerance 

zones, a  further machining is not necessary.

4.4 Hybrid L oca lization /Inspection /M ach inability  Prob­
lem

In this section, we will consider the workpiece localization, the on-line inspection 

and the machinability problem simultaneously. The idea here is as follows: First, 

arbitrarily fixture a partially machined workpiece on the machine table using general 

purpose fixtures. Next, program a sensor to sample a  number of points on the fin­

ished surfaces and unfinished surfaces of the workpiece, respectively. Then, compute 

the actual position and orientation of the workpiece, the tolerance zones of the fin-
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Exact transformation Initial condition

[■ 0.866025 -0.50000 0.000000 
R  =  0.500000 0.866025 0.000000 

0.000000 0.000000 1.000000

p =  [ 20.00 10.00 20.00 ] T

Ro  =

;

0.749825 0.124110 0.649892 
0.433698 0.649600 -0.624441 

-0.499669 0.750078 0.433260
>0 = [ -40.00 50.00 80.00 ] T

Solution of the FSL algorithm Solution of the Envelopment algorithm

r 0.866133 -0.499813 0.000657 
A . = 0.499813 0.866133 0.000594

L -0.000866 -0.000186 1.000000

p . = [ 20.1529 9.96403 80.00 ] r

A* = 

P*

0.866133 -0.499813 0.000657 ' 
0.499813 0.866133 0.000594 

-0.000866 -0.000186 1.000000

= [ 20.1529 9.96403 19.9604 ] T 
Si =  1.9

Table 4.2: Solutions computed a t different stages for Example 4.3.2

Exact

transformation

R  =
0.866025 -0.50000 0.000000 
0.500000 0.866025 0.000000 
0.000000 0.000000 1.000000

p =  f 20.00 10.00 20.00 ] T

Representative

transformation

Ro =  

Po =

0.866133 -0.499813 0.000657 
0.499813 0.866133 0.000594 

-0.000866 -0.000186 1.000000

20.051226 9.966207 19.975242 1

Satisfactory

transformation

R '  =  

»*=[

0.865898 -0.500221 -0.000004 
0.500221 0.865897 -0.000489 
0.000248 0.000422 1.000000

20.005722 -10.009142 19.989716 ] 
t =  0.03, 5, =  0.5

T

Table 4.3: Solutions computed a t different stages for Example 4.3.3

ished surfaces and the machinable volumes existing on the unfinished surfaces with 

the measurement data  supplied by the sensor and the CAD model of the workpiece. 

If the tolerance values of the finished surfaces are satisfied the specified requirements 

and the unfinished surfaces have enough machinable volumes to be machined, we 

have obtained a satisfactory transformation which will be used to modify originally 

generated tool paths. Otherwise, it is unnecessary to proceed to further machining. 

This process makes use of general purpose fixtures and integrates the workpiece 

localization and on-line inspection, thus greatly accelerating machining cycles and 

improving product quality. In this section, we use the minimax method to formu­
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late the problem. Thus, the problem becomes to match all points measured on the 

finished surfaces of the workpiece to corresponding CAD model surfaces with mini­

mum zone tolerances while all unmachined surfaces lie outside the CAD model of the 

workpiece with maximal machinable volumes. Then, we develop a simple algorithm 

to solve the problem using a similar technique, the LP programming method with 

one used in the last section.

4.4.1 M inimax Formulation o f the Hybrid Problem

In this section, we use the minimax method and the differential geometric tools de­

scribed in Section 4.1 to formulate the hybrid localization/inspection/machinability 

problem.

Denote by C m the model frame of a workpiece and Cw  a- machine reference 

frame. Let {t/j, € R 3, i =  1, • • -nj} be a  set of points measured from the j tk finished 

surface of the workpiece, and {zj, 6 R 3, i =  1, • • • n>} be a  set of points measured 

from the j th unfinished surface, rtj is the number of the measurement points from 

the j th surface. y_,, and z,, are expressed in Cw- Let SE(3)/G o be the configuration 

space of the finished surfaces S j ( j  =  1, ---/i) , and Go(A) the symmetry subgroup 

of the finished surfaces, parameterized by A 6 R r (i.e. A 6 R r is the exponential 

coordinates of Go), and g 6 S E ( 3) the Euclidean transformation taking C m to C w  

We assume tha t the correspondence between a measured point and its home surface 

is known (e.g., register the home surface when performing the measurement), and 

the CAD model of the workpiece is available.

Let t j , j  =  1, • • -li be the tolerance zone of each finished surface of a workpiece 

and d(g, y) be a signed distance of a transformed point g~ly  to  the surface S.  Then 

the tolerance zone of each finished surface is defined by

=  d(yi"9) ~  min d (y ,„y)) (4.23)
<7€->£r(3)/Go

where j  = is the number of the finished surfaces. If g~ly  lies outside the

workpiece, then d(y, g) > 0, otherwise d(y, g) < 0.

Apparently, to find an optimal g which satisfies tj in (4.23), we need to solve a 

minimax function which is a discontinuous and computationally undesirable. Let
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Q  =  S E ( 3 ) / G 0 x R x • • -R =  SE(3) / (J0 x R*1. Then, by extending the configura­

tion space to Q, the above minimax function can be transformed into a  nonlinear 

inequality constraint optimization problem. Using this way, the hybrid localization/ 

inspection/machinability problem can be described as follows.

P ro b le m  4.4.1. (T h e  lo c a liz a tio n /in sp e c tio n /m a c h in a b ili ty  p ro b lem )

Find (g, • • - t/J 6 Q so as to minimize the function

Wj is the weight determined according to the specified tolerance value of each finished 

surface, xjf € R 3 is the corresponding optimal home surface point of yJ<( i.e., a  point

surfaces and rij is the number of measurement points on the j th finished surface. 

Then, the solutions t j ( j  =  1, - - */ i ) of the above problem are the minimum zone 

tolerances of the finished surfaces, and g0 is the optimal transformation. Let

(4.24)

subject to the constraints

0 < tj

- h  < dj (yj i ,g)  < t j,  j  = !,•••/;

(4.25)

where

d j (y n , g) =  (g~lyji -  xjU njt), * =  l,

on its home surface of j/j, which is nearest to g~lyji, 11 is the number of the finished

9(A) := goGo(X) (4.26)

and find 17(A) € S E ( 3) to maximize the objective function

£e(<7(A),<S) =  a (4.27)

subject to the constraints

0 < 6

6 < dj {z j i ,g{\ ) )  i =  1, • • - rij j  =

(4.28)
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where

hji € R 3 is the corresponding optimal home surface point of Zj, on the home surface 

of the unfinished surface S j ,  nji the (outward) unit normal vector of 5 , a t hj i ,  and 

S the maximal machinable volume of the unfinished surface S j .

By Equation (4.26) the coupled problem can be decomposed into a  symmetric 

minimum zone localization and inspection problem on S E ( 3 ) / G q, and a  machinabil- 

ity problem on G0. The first problem finds a  representative transformation g0 and 

the minimum zone tolerance t j ( j  = 1 , ---/i)  of each finished surface. If one of the 

tolerances does not satisfy the specified requirement, we report th a t the workpiece 

is out of tolerance and further machining is unnecessary. Otherwise, with the repre­

sentative transformation gQ as the initial condition of the machinability problem, we 

can proceed to solve the second problem to obtain the existing maximal machinable 

volume of each unfinished surface. If the machinable volume does not satisfy the 

specified requirement, then we have to reject the workpiece, i.e., it is unnecessary to 

perform the further machining. Otherwise, we obtain a satisfactory transformation, 

which makes not only the finished surfaces satisfy the tolerance requirement but also 

the unfinished surface have enough material to be machined in later machining.

P ro b le m  4.4.2. (A  u n iq u e  tra n s fo rm a tio n )

In the case tha t the finished surfaces of a  workpiece fully constrain the rigid motion 

of the workpiece, the symmetry subgroup becomes identity, i.e., Go =  / .  Then the 

problem degenerates as to find g 6 S E { 3) and t =  (£lt ■ • -ttl ) € Ril to minimize the 

objective function

(4.29)

subject to

0 < tj

tj S  ^j(l/ji»ff) ^  tj, j  — 1 i * * *fI,

(4.30)

(4.31)

where

d i ( y j i , g )  — { g  V j i  x j i > n j <)  * — i »* * * j »
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where t j ( j  =  1 •• •//) are the profile tolerance values of the finished surfaces, respec­

tively; li is the number of the finished surfaces.

In this problem, if the computed tj is less than the specified tolerance of the 

j tk finished surface, then the finished surface is satisfactory. Otherwise, the finished 

surface is out of tolerance. However, even though the finished surfaces have satisfied 

the specified tolerance values, we still need to check whether all unfinished surfaces 

have enough machine volumes remaining. If all tolerance values and the machine 

volume conditions are satisfied, then we say tha t the Euclidean transformation solved 

is satisfactory and we can use it to localize the workpiece and proceed to the further 

machining stages.

4.4.2 The Localization/Inspection/M achinability Algorithm

Since the hybrid problem can be decoupled into two problems using the geometric 

properties of the homogeneous space, we can solve the two problems independently 

by using the solution of the first problem as the initial condition of the later prob­

lem. The solution of the later problem will then automatically ensure simultaneous 

satisfaction of the requirement imposed by the hybrid problem. We use an iteration 

method to solve the problem. The corresponding home surface points are solved by 

the same method described previously.

When updating the transformation g, the two decoupled problems are nonlinear 

constraint optimization problems. Using a  similar technique as in the last section, 

the solution of the both problems can be computed by solving a sequence of linear 

programming problems.

Let the symmetry group of the finished surfaces be Go and M o  be a  complemen­

tary subspace to the Lie algebra Q0 of G0. Choose a  basis (fji, - • ■ , rjf ) of M 0 and

for some m  =  (m i, • • • , m f ) 6 R '. We consider that the variable perturbations in 

the problem (4.24) and (4.25) can be expressed as:

write

(.gk+l, f?+1, • • • t*+ l) =  (gkem, tf[ + i ,, • • • , t* +  i,,), (4.32)
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vfhere in € Mo-

Then,  with (4.19) and ( 4.32), we can linearize the nonlinear problem into the 

following LP problem. The linearized objective function is:

*1
•••£',,) =  ^ W j t j  (4.33)

>=i

subject to the linearized constraints

0 < tk +  tj (4.34)

- m + < m < m +

~( t j  + tj) < dkj -  (m y * , jiji) < t k + tj

i = 11 * ■ * rij,

where y£ =  (gk)~ll/ji, dk =  (y*,. -  Xji,Tiji) and m + 6 R 1" are positive and appropri­

ately chosen limits.

Given an initial condition g° of the transformation, we use the iteration method 

to solve for the optimal solution (go,tj)- The algorithm can be summarized as 

follows.

A lg o rith m  10. (S y m m e tric  m in im u m  zone loca liza tion (S M Z L ) a lg o rith m )

In p u t:  (a) Measurement data  set Y  =  {yji € R 3. i = 1. • • - n j . j  =  1, • • -lx}:

(b) CAD description of the finished surfaces with the symmetry subgroup Go, 

and a basis {^r+i> • • ’Ve} for Mo',

(c) The weight of each finished surface w j , j  =  1, - - -/t .

O u tp u t:  (a) Optimal representative transformation g£ €  S E (Z ) /G q of the finished 

surfaces;

(b) Minimum zone tolerances t j , j  =  1, * - */ t .

S te p  0: (a) Set k  =  0 and initialize g°;

(b ) Solve for x]i7 i =  1, • j  =  1, • • */i;

(c) Set t° =  max, |(y £  -  xjU
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(d ) Compute £° = £> l=i Wjt°\

79

S te p  1: (a) Solve the LP problem (4.33) to obtain (m , t j , j  = 1,

(b) Update (gk+l, t k+l) according to (4.32);

(c) Solve for Xj*1 and n*+l , i =  1, • • -rij, j  =  1, • • • ,Zt;

(d) Compute £ k+l;

(e) If (1 — £k+l/ £ k) > «, then set k = k  +  1 and return to Step 1(a); Else exit 

and report results.

Similarly, the machinability problem can also be converted into the following LP 

problem. Choose a basis (fji,-- - , rjr) of Go and write

1 =  1

Using the update equation

(gk+\ 6 k+l) = (gkek,6k +5),  (4.35)

the machinability problem is transformed into the LP problem with the linearized 

objective function

£C(X ,S) = - S  (4.36)

subject to the linearized constraints

0 < 6k + 6 (4.37)

-A + < A < A+

6k + 6 < dk - ( X z kt, n k,)

i = 1, • • - rij, j  =  1, - • */2

where zk( = (gk)~lzj i , dk = (zkt — hki, n ki), and A+ € R r are positive and appropri­

ately chosen limits.

W ith the iteration method, the machinability algorithm can be summarized as 

follows:
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A lg o rith m  11. (T h e  m ach in ab ility  a lg o rith m )

In p u t:  (a) Measurement data  set Z  =  {z:i £ R 3, i =  1, • • -nj, j  =  1, • • -/2};

(b ) The index of unfinished surfaces of the workpiece; The CAD model of the 

workpiece and a  basis (tji, • • -fjr) for Q0]

(c) A representative transformation g0 6 S E ( 3 ) /G 0 from the SMZL algo­

rithm.

O u tp u t:  (a ) Satisfactory transformation gm € SZ?(3);

(b ) The maximal machinable volume S’ of each unfinished surface;

S te p  0 : (a) Set k =  0 and g° =  gQ;

(b ) Solve for h°{ and ra°jt t =  1, ■ • -nj, j  = 1, • • -f2;

(c) Set <5° =  max,-,,-1 -  A°,-, n°.)|

(d ) Compute £° =  —5°;

S te p  1: (a) Solve the LP problem in (4.36) and (4.37) to obtain (A, rf);

(b ) Update (gk+l,Sk+1) according to (4.35);

(c) Solve for hkf l and t =  1, • • -nj, j  =  1, • • • , /2;

(d ) Compute f* +1;

(e) If (1 — £ k+l/ £ k) > e, then set k  =  k +  1 and return to Step 1(a); Else exit 

and report results.

Combining the SMZL algorithm and the Machinability algorithm, we can obtain 

the hybrid algorithm as follows:

A lg o rith m  12. (T h e  H y b rid  a lg o rith m )

(a) Use the SMZL algorithm to solve for gQ and the tolerances t j , j  =  1, • • - ;

(b ) If the tolerance values of the finished surfaces satisfy the specified requirements,

then proceed to Step (c).

Else, exit and report tha t the workpiece is out of tolerance.
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(c) W ith the solution gQ of the SMZL algorithm as the initial condition of the

Machinability algorithm, solve for the optimal transformation gm and the max­

imal machinable volume 6;

(d ) If the Machinability algorithm has no feasible solution or the machinable volume

8 is less than the specified volume, then exit and report tha t there is not enough 

remaining machinable volume to be machined.

Else, report the satisfactory transformation.

4 .4 .3  S im u la tio n  R esu lts

In the simulations, we use the same example and measurement da ta  used in Section 

5.3.5 to compare the two kind of localization methods.

E x a m p le  4.4.1. (A  w orkp iece  w ith  o ne  fin ished  su rface)

In this example, we consider the case of a workpiece having a (planar) finished 

surface Si and several unfinished planar surfaces (S j,S 2,S 3 and 54) as shown in 

Figure 4.4. In the simulations, we assume the weight of the finished surfaces to be 

equal to  one. Then, with the points from the finished and the unfinished surfaces 

and the CAD model of the workpiece, we apply the hybrid algorithm to obtain the 

set of solutions which are shown in Table 4.4. If the computed tolerance ty and the 

machinable volume 8 are satisfied the specified requirements, we report the optimal 

transformation g’ =  (fl*,p*).

E x a m p le  4.4.2. (A  w orkp iece  w ith  tw o  fin ished  in te rse c tin g  su rfaces)

Consider next the case of a  workpiece having two planar finished surfaces Si and S2 

which intersect along a  line, see Figure 4.6. The configuration space of the symmet­

ric localization problem is five-dimensional. Forty measurement points were taken 

from the finished surfaces of the workpiece to evaluate the minimum zone toler­

ance of the finished surfaces Sy and S2 and obtain a representative transformation 

P01 thus aligning the workpiece with the corresponding surfaces of the CAD model. 

Seventy measurement points from the unfinished surface S i, S2 and S3 of the work­

piece were used to envelop the CAD model along the symmetry subgroup of the 

finished surfaces. Using the representative transformation g. = {R. ,p .)  from the
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Exact transformation Initial condition

0.866025 —0.50000 0.000000 
R  =  0.500000 0.866025 0.000000 

0.000000 0.000000 1.000000

p  =  [ 20.00 10.00 20.00 ] T

R °  =
0.749825 0.124110 0.649892 
0.433698 0.649600 -0.624441 

-0.499669 0.750078 0.433260

p °  = [ -40.00 50.00 80.00 ] T

Solution of SMZL algorithm Solution of the Machinability algorithm

0.984807 -0.173648 0.000107 
R .  =  0.173648 0.984807 -0.000164 

-0.000010 0.000195 1.000000

p . =  [ -40.00 50.0403 20.0034 ] T  
t |  =  0.016684

R '  = 

P*

0.866195 -0.499707 0.000107 
0.499707 0.866195 -0.000164 

-0.000010 0.000195 1.000000

=  [ 20.0069 10.0048 20.0034 ] T 
S =  1.8312

Table 4.4: Solutions computed at different stages for Example 4.4.1

SMZL algorithm as the initial condition and applying the machinability algorithm, 

the maximal machinable volume of each unfinished surface and the corresponding 

optimal transformation gm are obtained. Table 4.5 shows the results.

4.5 Com parison o f th e LS and M inim ax M ethod

In this section, we compare the localization results of workpieces obtained by using 

the least squares method and the minimax method, respectively.

In most literature, the workpiece localization problem is formulated by the least 

squares problem. The least squares formulation is mathematically well defined and 

widely accepted in industry. The criterion requires th a t the sum of the squared 

errors be minimized, hence all the measurement points contribute to the best match 

result. Moreover, the fitted features are stable and less sensitive to  the effects 

of asperities. The minimum zone method has received much attention for form 

tolerance estimation in recent years. It is attractive because it best conforms to 

the ANSI and ISO standards for form tolerances. In [16], all form tolerances are 

formulated in the Minimax method and are transformed into linear programming 

problems by making use of tools from differential geometry and Lie group theory.

For partly finished workpiece localization, the hybrid problem can be separated
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Exact transformation Initial condition

R  =
0.866025 -0.50000 0.000000 
0.500000 0.866025 0.000000 
0.000000 0.000000 1.000000

p =  f 20.00 10.00 20.00 1T

R° =
0.749825 0.124110 0.649892 
0.433698 0.649600 -0.624441 

-0.499669 0.750078 0.433260

)° =  [ -40.00 50.00 80.00 ] T

Solution of SMZL, algorithm S o lu tio n  of the Envelopment algorithm

R .  =

p .  =

0.866164 -0.499625 0.000098 
0.499627 0.866163 0.000260 

-0.000215 -0.000176 1.000000

[ 19.9915 50.0403 20.01784 ] T 
t t =  0.01525, t2 =  0.01508

R m =  

P*

0.866164 -0.499625 0.000098 ' 
0.499627 0.866163 0.000260 

-0.000215 -0.000176 1.000000

= [ 19.9915 9.9848 20.01784 ] T 
S =  1.8433

Table 4.5: Solutions computed a t different stages for Example 4.4.2

into two parts, the symmetric localization and the envelopment problem. In this 

section, we consider mainly the localization part in the comparison of the two meth­

ods. W ith the same measurement data, we compute and compare the localization 

errors and form tolerance zones obtained using the LS method and the Minimax 

method, respectively. First of all, we give three examples and simulation results.

E x a m p le  4.5.1. Consider the case tha t only one planar surface is finished. With 

4 sets of measurement points distributed uniformly on the surface, the computed 

and exact localization results of the least squares and minimax methods are shown 

in Table 4.6. Let the orientation matrix be R  =   ̂ Vi v2 v3 j 6 R 3x3 and the 

translation p =  [ Pi p2 P3 j .  Then, v3 € R 3 in the table is the normal of the 

plane, which represents the orientation of the plane. The p is an on-plane point, 

in which p i ,p2 are undetermined components due to the symmetry of the planar 

surface and p3 is a  component determined by the localization algorithms, toler. is 

the computed tolerance zone of the plane.

E x a m p le  4.5.2. Consider tha t two intersecting planes of a  workpiece are finished. 

W ith 4 sets of measurement points, the computed and exact localization results 

and orientation errors of the two methods are shown in Table 4.7. In the table, S r  

is the orientational error, p € R 3 is the translation of the workpiece. Due to  the
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Number of 

Points

Localization Results

Least squares Minimax

15 t>3 =

0.4749
-0.1574
0.8658

Toler.

. P = 

=0.178

-45.672 '
-20.567
20.0054

3

t>3 =

0.4773
-0.1469
0.8663

Toler.

■ P =

= 0.16S

100.334
-70.334
20.0972

2

20 V3 =

0.4772
-0.1495
0.8659

Toler.

. P =

= 0.201

-37.188 ‘
-28.074
20.0134

0

V3 =

0.4775
-0.1466
0.8662

Toler.

. P =  

=  0.17!

100.05
-70.313
20.1128

5

30 V 3  =

0.4777
-0.1493
0.8657

Toler-

,  P =

= 0.203

-40.3625
-28.4813
19.9801

4

V 3  =
0.4776

-0.1487
0.8658

Toler.

. P =

= 0.186

' 100.037 ‘ 
-70.43 
19.9834

1

40 U3 =
0.4767

-0.1496
0.8662

Toler.

. P =

=  0.212

-39.170 '
-32.278
20.0381

5

V3  =

0.4668
-0.1742
0.8670

Toler.

. P =

=  0.20C

100.905
-73.625
20.0239

2

Exact results t»3 =

0.4755
-0.1545
0.8660

. P =
20.00

-10.00
20.00

« 3  =

0.4755
-0.1545
0.8660

. P =

20.00
- 1 0 . 0 0

20.00

Table 4.6: Localization results of a planar surface with 4 sets of points using the 
least squares and minimax methods, where v3 is the normal of the plane, p is the 
translation and toler. is the tolerance zone of the plane

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

4.5. Comparison o f the LS and Minimax Method 85

Number Orientation error Translation [ Pi V i P3 ]

of Points LS Minimax LS Minimax

30 0.0052 0.0784 19.9786 -30.17 20.0074 19.9826 -16.13 20.0343

40 0.0356 0.0984 19.9468 -30.17 19.9815 19.9931 -16.13 20.0697

60 0.0410 0.0573 19.9897 -30.17 19.9589 19.9927 -16.13 19.9692

80 0.0260 0.0471 19.9946 -30.17 20.0195 19.9906 -16.13 20.0596

Exact
results

0.0 0.0 20.0 -10.0 20.0 20.0 -10.0 20.0

Table 4.7: Localization results of the workpiece with two intersecting planar surfaces 
and with 4 sets of points using the least squares and minimax methods, where p2 is 
a free component

symmetry of the two intersecting planar surfaces, p2 is a free component and pi, p3 

are determined by the localization algorithms.

E x a m p le  4.5.3. When a workpiece has three finished non-parallel planar surfaces, 

the workpiece's transformation can be determined uniquely by the localization al­

gorithms. With three sets of measurement points consisting of different noise and 

number, the orientational error Sr , the translational error £p and the tolerance val­

ues of the workpiece computed by using the least squares and minimax methods are 

shown in Table 4.8 and 4.9, respectively. In the two tables, p  and o  are the mean 

and variance of the measurement noise in the measurement data. Three values 

Toler.  1 ,2 ,3  are the form tolerances of three surfaces, respectively. After localizing 

the workpiece, the deviation of transformed measurement points from the CAD sur­

faces with different number and noise of measurement points are shown in Figure 

4.7 and 4.8.

The simulation results show that in all cases, the form tolerance values of the 

three surfaces computed by the Minimax method are smaller than those computed
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Measurement points 
Number and Noise

Least Squares 
Localiz. errors

Minimax 
Localiz. errors

No. M <7 £ r £p £ r
40 0.002 0.01 0.00439 0.00492 0.00880 0.03313
40 0.0 0.1 0.15323 0.15227 0.14535 0.33952
40 0.02 0.1 0.15323 0.21980 0.14535 0.31758
60 0.0 0.01 0.00947 0.01244 0.01078 0.01990
60 0.0 0.05 0.04731 0.06215 0.05851 0.09845
60 0.0 0.1 0.09451 0.12419 0.11691 0.19700
90 0.0 0.01 0.00394 0.00419 0.00287 0.00428
90 0.02 0.01 0.00394 0.03863 0.00977 0.04766
90 0.0 0.05 0.01969 0.02090 0.01437 0.02146
90 0.02 0.05 0.01969 0.05483 0.01437 0.04301

Table 4.8: Comparison of transformation errors between the Least squares and 
Minimax methods

Measurement points 
Number and Noise

Least Squares 
Tolerance zones

Minimax 
Tolerance zones

No. a Toler. 1 Toler.2 Toler.3 Toler. 1 Toler.2 Toler.3
40 0.002 0.01 0.02595 0.04069 0.03022 0.02101 0.03700 0.03016
40 0.0 0.1 0.38447 0.33401 0.27722 0.37460 0.32561 0.28501
40 0.04 0.1 0.38447 0.33401 0.27722 0.37460 0.32561 0.28501
60 0.0 0.01 0.04118 0.03896 0.00176 0.04108 0.03896 0.00128
60 0.0 0.05 0.20593 0.19487 0.00893 0.20510 0.19585 0.00784
60 0.0 0.1 0.41194 0.38989 0.01814 0.41022 0.39178 0.01420
90 0.0 0.01 0.04562 0.03395 0.01424 0.04564 0.03531 0.00990
90 0.02 0.01 0.04562 0.03395 0.01424 0.04564 0.03531 0.00990
90 0.0 0.05 0.22336 0.19927 0.01820 0.21504 0.19213 0.01430
90 0.02 0.05 0.23453 0.24858 0.00103 0.21504 0.19213 0.01430

Table 4.9: Comparison of tolerance zones of three surfaces between the Least squares 
and Minimax methods

by the least squares, however, the conclusion is opposite for localization errors. 

Although the localization errors are comparable, the errors obtained using the least 

square method are slightly smaller than those computed by the minimax method. 

Mean values of measurement noise have influence not on the form tolerance of each 

surface and orientational errors, but on the translational errors.

Based on all the above extensive simulation results, we can find th a t the least 

squares method has better localization accuracy than the minimax method. Both 

methods have high computational efficiency. The iteration number of both methods 

is less than 10 times. Correspondingly, the computational time is less than 0.5 

second on a  PC Pentium 166MHz. The least square method is robust with respect
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(a) Minimax method, ft =  0.04, o  =  
0.1 (b) L£ method, f t =  0.04, <r =  0.1

(c) MinMax method, ft =  0.0, a  =  0 .1 (d) LS method, f t =  0.0, a  =  0.1

(e) Minimax method, ft =  0.02, <t  =  
0.01 (f) LS method, ft =  0.02, a  =  0.01

Figure 4.7: Deviation of transformed measurement points from their CAD mode 
surfaces with 40 points and different levels of measurement noise
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(a) Minimax method, p  — 0.0, a  =  
0.01 (b) LS method, p  =  0.0, <r =  0.01

(c) Minimax method, p  =  0.02, <r 
0.01 (d) LS method, p  =  0.02, a  =  0.01

(e) Minimax method, p  —  0 .0, i t  =

0.05 (f) LS method, p  — 0.0, a  =  0.05

Figure 4.8: Deviation of transformed measurement points from their CAD mode 
surfaces with 90 points and different levels of measurement noise
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to the variation of the initial conditions g0, which further confirms the conclusion 

described in Section 2.8 and [17]. However, the minimax method requires small 

deviation of the initial guess g0 away from the true transformation. Especially, 

the convergence of the minimax method in the three examples is different. The 

algorithm localizing one finished planar surface in Example 1 has better convergence; 

The algorithm when localizing two finished surfaces requires a  more accurate guess 

for the initial conditions than tha t in Example 1; The algorithm when localizing the 

three surfaces in Example 3 requires small deviation of the initial condition go from 

the true transformation.

The above analysis results show tha t the least squares method has better per­

formance in terms of localization accuracy and convergence. The minimax method 

can obtain the form tolerances which are conformed with ANSY 14.5 standard when 

using it to localize workpieces.

4.6 C onclusion

In this section, we proposed the hybrid localization/envelopment problem and formu­

lated the hybrid problem as a symmetric localization problem on the homogeneous 

space S E ( 3 ) / G 0 of the Euclidean group and a minimization problem on G 0 subject 

to inequality constraints, where Go C S E ( 3) is the symmetry subgroup formed by 

the finished surfaces of the workpiece. We solve the envelopment problem by solving 

a sequence of linear programming problems where the solution from the symmetric 

localization problem is used as an initial condition. Simulation results dem onstrate 

effectiveness of our method for the hybrid problem. We also addressed the problem 

of hybrid localization/inspection/machinability. We formulated the problem using 

the minimax method and transformed them into two nonlinear constraint optimiza­

tion problems: the symmetric localization/inspection problem and the machinability 

problem using the geometric properties of the homogeneous space. We developed 

a  simple but efficient algorithm for this problem. The comparison results of the 

LS method and the Minimax method showed the least squares method has better 

performance, especially for localization accuracy.

Therefore, for an arbitrarily fixtured workpiece, we can determine the tolerance
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values of the finished surfaces, maximal machinable volume existing on the unfin­

ished surfaces and position and orientation of the workpiece using the proposed 

hybrid algorithms to ensure tha t further machining will reach specified shapes and 

tolerances. The proposed method integrates the workpiece localization and on-line 

inspection, thus greatly accelerating machining cycles and improving product qual­

ity.
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C h ap ter  5

Localization o f W orkpieces 
w ith  Special G eom etries

5.1 Introduction

A large class of workpieces we encounter can be classified as 2.5-dimensional or 

"essentially” 2.5-dimensional. We define an "essentially” 2.5-dimensional workpiece 

to be a workpiece with a planar standard surface in contact with or parallel to the 

machine table surface. In other words, an ordinary 3-dimensional workpiece may be 

considered "essentially” 2.5D if in contact with the machine table surface is a  planar 

standard face of the workpiece. When a 2.5D workpiece is fixtured to a  machine 

table, the set of configurations describing relative displacements of the workpiece is 

given by S E { 2), the group of rigid motions in R 2, and the associated localization 

problem can be substantially simplified. In this chapter, we introduce a  proper 

procedure for reducing the localization problem from S E { 3) x R 3n to S E ( 2) x R 2n 

for 2.5D workpieces.

5.2 Problem  Form ulation

Consider the workpiece shown in Figure 5.1. Assume that in contact with the 

machine table is a planar surface So and a surface Si is to be probed. Let h0 be the 

(known) height of the probe. When we measure points on the surface 5,- with the

91
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Joodt

Figure 5.1: Localization of an "essentially” 2.5D workpiece

same height h0, then a measurement point y, has the form

In the CAD model of the workpiece, every face has a local coordinate frame relative 

to which the surface is most conveniently described. Let C, be the local coordinate 

frame of S,, Cm the CAD model frame, C 0 the contact surface frame, C f  the contact 

frame and C w  the machine reference frame. Let gMt 6 SE(3)  be the transformation 

from Ci to Cm- If <P{(ui-u.) 6 R 3 is the description of 5,- in local frame C<, then 

0AfiV\-(uit vt) *s the description of 5,- relative to the model frame C m -  For a  planar 

face S0 the z -ax is  of its local frame Co coincides with the outward pointing normal 

of So- Thus, the position and orientation of C 0 relative to C j  are given by

Pj o =  0, and. R j 0 = diag(l,  — 1, — 1).

We transform the representation of 5, from its local frame C,- to  the contact frame 

C /  by

9/o * 9mo ■ u.) := 0 /  K  , u.)

where gMi and gMo can be derived from the CAD database. Because the z —axis of 

C j  agrees with that of Cw,  the third component of 0 / (Uj, u,) gives the height of the

9i €  R" (5.1)
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home surface point and thus satisfies the height constraint,

h 0 = <P{,3(U» Vi)

Since a t least one of the partial derivatives of rp{3 in terms of u, or u,- is non-zero, 

we can solve from the above equation either for u, in terms of u, or for u,- in terms 

of u<. Assume th a t ut =  u,(u,), then, substituting the result back to the first 

two components of obtaining a parametric equation of x, in terms of the single 

param eter u,-, i.e.,

X; = Tpi(vi) e  R 20 .-(t>.•)
ViAvi)

On the other hand, the transformation from C w  to C m can be expressed as

9 m w  =  9 m o  • 9 o j  • 9 j w  

where the (unknown) transformation gjw  is given by

9 / w  =
R /w  0  pjw  

0 1 0 
0 0 1

for some RJW 6 5 0 (2 ) and pjw  € R 2. Since rigid transformation preserves distance, 

the objective function can be translated into

£  =  U l l f f w w y i  -  f fMi0l( l><) | |2 
1 = 1

n

=  H  \\9fw9i ~  9oj9Mo9Mi4’i (u<)||2 
1 =  1 

n

=  '52\\fywyi+p}w - x , r 2
i= 1

for

*< =  9o?9M lo9Mi4>i{Vi) = 0 i ( u , )  € R 2

This is clearly a  two-dimensional problem, with a configuration space defined by 

S E ( 2) x R 2n.

Therefore, the localization problem of 2.5D workpieces can be formulated to find 

R / w  € 5 0 (2 ) , p/w  and x,- so as to minimize

£ { R j W , P fW ,  Z h  ■ • ’in ) =  5Z l\RjwVi + P f W  — i | j |2 (5.2)
i=i
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subject to the surface constraints

5,(x,) = 0 ,  i = 1, • • -n

5.3 G eom etric A lgorithm s

When a  workpiece is 2.5 dimensional, the localization problem can be reduced to 

a two dimensional problem as formulated in problem (5.2). This means tha t the 

problem has less variables to be solved. Correspondingly, the algorithms solving for 

the problem become simpler than the 3D algorithms. The former has three unknown 

variables, the later has six.

Using the similar techniques in the 3D workpiece localization, we develop an 

iterative algorithm to solve the problem. For notation simplicity, we denote gfW 6 

S E ( 2) as g in later discussions.

A lg o rith m  13. (2.5D  W orkp iece  L oca lization  )

In p u t:  (a) Measurement da ta  Y  = {y, 6 R 2, i =  1, • • - n} and home surface S,- of 

Vi-

(b) Probe height =  h0, CAD description of a  workpiece, gJQ and gMo', 

O u tp u t:  Optimal solution g!w € S E ( 2):

S te p  0 : (a) Set k  =  0;

(b) Initialize y°;

(c) Compute x°;

(d ) Compute £° =  £(y°,x°);

(e)  k =  k  +  1.

S tep  1: (a) Solve for x f ;

(b) Compute gk using (x*,y*-1);

(c) Compute £ k =  £{gk, x k);

(d ) If (1 -  £ fc/ £ fc_l) < Su  exit. Else
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(e) Set k = k  +  1 and return to Step 1(a).

A key observation in the above iterative method is tha t the Euclidean trans­

formation 5* and the home surface points x£, i =  1, • • -n are optimized separately. 

Thus, with an initial condition g0, this leads to a  sequence {g*, x*, i =  1, • • • n} which 

hopefully will converge to a global minimum of the objective function (5.2).

Using similar methods, all the techniques in 3D localization can be applied to 

solve the 2.5D localization problem.

5 .3 .1  H o m e  S u r f a c e  p o in t s

With the height constraint

(5.3)

when 0, we can solve from the above equation for it, in term s of v,-. Assuming

tha t u, =  u,(v,), then we have
t / t - f  11.\ —

0 i(u,) € R*.X; = M vi)
<Pi,3(Vi)

and

y. = y.
/lo

For notation simplicity, we denote the yt 6 R 2 and x, € R 2 as y, 6 R 2 and x,- 6 R 2, 

R lw and pjw as R  and p, respectively, if there is no special explanation. Correspond­

ingly, the objective function a t the kth iteration step can be rewritten as
n

£k(Rk,Pk,Xi) = Y i  IIRkVi+Pk -  arf||2- (5.4)
i =  1

Then applying the Lagrangian multiplier technique to (5.4) in term s of v,-, yields

(RkVi  +Pk - X i , 4 > ‘v, )  =  0, t =  1, • • - n (5.5)

where xf =  0,-(v,-) is the parametric description of S,-, and ip'Vx are the partial deriva­

tives of ipi with respect to u,-. With properly selected initial conditions for t;,-, New­

ton’s algorithm can be applied to (5.5) to solve for x{\ i =  1, • • -n. W ith the u,- and 

the height constraint in (5.3), we can solve for u,. Then the normal of the surface 

Si a t the point x, is given by

0U,(“MUi) x ^„,(u<>u»)n, =
| ^ > i , » . j  X  1pV l ( U i ,  u , ) |

€ R3
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5 .3 .2  T ran sform ation  u p d a te  g

There are a number of ways to compute the Euclidean transformation update <7*. 

Corresponding to the approaches in the 3D localization, the following algorithms 

can be developed.

•  T h e  2 .5 D  V aria tion a l A lgorithm :

Let

and

Compute the singular value decomposition of
n

W  = 'E '9 i( i 'n T = U XVT ,
1=1

where U, V  € R2x2 are unitary and E is the diagonal matrix of singular values. 

Then, the optimal Euclidean transformation update is given by

Rk+l = VUT
pk+1 =  xk -  Rk+iS (5.6)

•  T h e  2 .5 D  T an gen t A lgorith m :

Let

and express gk+i in terms of gk as

9k+1 =  ^ 9 k (5.7)

for a screw increment

where

u> —
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For small values of £ =  (u,u;) £ R3, (5.7) can be approximated by

9k+1 — ( /  + i)dk-

Substituting the above expression into the objective function (5.4) and minimizing 

the result with respect to £ yield a system of linear equations in terms of the unknown 

£ € R 3,

A£ = b (5.8)

where for y f  = R kt/i -F pk and

A =

0 1 »—
■

'  ( t f ) 1 ' ■ - ( t f ) 2 ■
1 0

. (y*)2 . .  ( r f ) 1

zumT E " = i < # , # >

n i
€ R 3x3

and

b = £ Ra

Solving (or £ from (5.8) and then substituting the results into (5.7) give the trans­

formation gk+1.

•  T h e  2 .5 D  H ong-T an  A lgorith m :
Assume the same form of updating the transformation gk as in (5.7). However, the

objective function, with a different form from (5.4), is the sum of squared distances 

to the tangent plane to 5, a t x f , i.e.,

£ =  ^ { R kUi +Pfc -  xki , n ki )2. (5.9)
i = l

Then, the system of linear equations from which £ £ R3 is solved is given by

A£ = b

where

A =
£?=i

£ " = i (y^nD2 € R3x3
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and

b = -  E ,"= i (Ui -  i » * ) < # .  ni) € R 3.

where y* and yf are defined as in the last algorithm, and rii €  R 2 is n<, taken from 

the  ̂ n f  n, 3 j 6 R 3. Using Gauss elimination in the above equation to solve for 

£ yields the desired transformation update gk+

After having gjw, the gMW is obtained by

9  m w  —  g s t o g o j g j w

5.4 C onclusion

In this chapter, we introduced a proper procedure for reducing the localization 

problem from S E { 3) x R 3n to SE{2)  x R 2n for 2.5D workpieces. Since the set 

of configurations describing relative displacements of the workpiece is S E ( 2), we 

can simplify the associated localization problem. We developed three algorithms for 

solving the problem. Apparently, the 2.5D workpiece localization algorithms have 

higher com putational efficiency than the 3D localization algorithms.
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C h a p ter  6

A  C om puter-A ided  
Setup(C A S) System  for 
W orkpieces

6.1 Introduction

With advances in CNC technology and availability of on-machine probing sensors, it 

is possible to autom ate the process of workpiece setup. Especially, an open architec­

ture CNC system allows users to integrate their own new algorithms and functions 

on it. Based on this technology, we developed a prototype of the computer-aided 

setup and inspection system on a  3-axis open architecture CNC milling machine 

tool of Hong Kong University of Science and Technology. The system consists of 

five parts, they are precise probing, error compensation, localization and reliability 

analysis, tool path modification, and dimension inspection. All these functions can 

be operated on an interactive end-user interface window on which CAD models can 

be easily displayed and manipulated. In this chapter, we first briefly describe an 

open architecture CNC machine tool system. Next, we introduce how to  implement 

the CAS system on the CNC machine tools. Then, we present the structure and 

operational principle of the CAS system. Finally we dem onstrate the validity of the 

localization algorithms implemented on the CAS system.

6.2 A n  O pen A rchitecture C N C  System

99
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Figure 6.1: Implementation of localization algorithms in a five-axis machine center 
environment.

An open architecture CNC system can provide hardware independent and portable 

software modules for CNC builders and users of machine tools. This means th a t 

the system is flexible for the users of machine tools and CNC builders to rapidly 

adapt various new modules and purposes. For example, the open architecture design 

system allows the machine tool users to be able to add control functions of sensor- 

based machining process and monitoring algorithm modules on it.

Figure 6.2 shows the diagram of an open architecture CNC machine system 

developed by the intelligent machine Lab of HKUST. The system consists of a  3- 

axis milling machine tool, an upper level host computer, a  DSP-based controller, 

and an intelligent measuring and machining module. The host computer controls 

the DSP controller and performs user interface, communication, CAD/CAM  and 

other functions. The DSP controller performs the control of multi-axis motion. The 

intelligent measuring and machining module includes sensors, adaptive control, fault 

diagnostic and probing system. Users can also integrate new control algorithms and 

functions by themselves. A CNC monitor is used to display man-machine interface 

information, coordinates of probing data, NC codes being executed, and tool paths 

th a t a tool cutter is passing, etc.
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3 9

workpiece

HKUST

Servo 
amplifier

Pentium PC/DOS 
CAD/CAM Function 
Man Machine Interface 
Communication 
Intelligent Wotkpiccc Setup

DSP Board

Motion Control Module
NC -Code Decoding 
Interpolation 
Axis Control Functions 
Sensor Function

Intelligent Machining Module

Sensor data collection 
Adaptive control 
Tool wear monitoring 
Compensation 
Manipulate machine tool 
Probing system

Figure 6.2: An open architecture CNC machine system

6.3 C om position  o f the CAS System

The CAS system, as a new function module integrated on the CNC machine tool, 

performs the following functions: probing points, data  collection, localization and 

modification of toolpath. Correspondingly, the CAS system consists of a  probing 

system and a  software module including workpiece localization and compensation 

algorithms, as shown in Figure 6.3.

6 .3 .1  P ro b in g  S y ste m

Touch trigger probes are widely used sensors for on-machine metrology on tool 

machines as well as on coordinate measuring machines. The probing system we 

choose to use consists of a MP12 touch trigger probe with an optical signal and 

wide angle transmission and a probing interface produced by Renishaw Ltd. The 

probe is a precision omni-directional trigger device consisting of a  probe body and a  

stylus. The probe body is mounted in the machine spindle. The interface converts 

the probing signal and indicates the status of the probe. The panel on the probe 

interface has five LEDs for indicating the probe status.
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Host Computer

Probe
body

O Stylus

Machine Table

Probe Interface

CNC Controller

CNC Machine

CAD/CAM/CAS 
CNC Monitor 

End-user Interface 
Localization Software

Figure 6.3: The composition diagram of CAS system

The touch trigger probing system relies on a switching principle which is based 

on a kinematic location to give the high repeatability required. When the stylus is 

touching the surface of a workpiece, the trigger signal is transm itted to  the interface 

by optical transmission. Then the signal is converted by the probe interface into an 

acceptable signal form for the machine controller. When receiving the signal, the 

host computer records the current coordinates of the contact point. After the contact 

is released, the stylus support allows the stylus to return to its datum  position with 

a  very high accuracy for further measuring. The probe can achieve a  high accuracy 

due to the probe’s inherent repreatabilty.

A control handle is installed via the host computer and the DSP controller. It 

is programmed to drive the servo motors so that the machine table can move along 

the three axes directions. By operating the handle, we can perform measurement of 

points on surfaces of a workpiece.

6 .3 .2  S oftw are S y s te m

The CAS system performs three functions: (i) measuring points on surfaces of a 

workpiece; (ii) using the point set and the CAD model of the workpiece to determine 

the transformation (position and orientation) of the workpiece and analyzing the
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End-user
Interface

Points Error 
Compensation

Toolpath
Modification

Probe Driving 
Point Measurement

Localization and 
Reliability Analysis

Software Modules of the System

Figure 6.4: Software modules of the CAS system

reliability of the localization result; (iii) modifying tool paths originally generated 

according to the determined transformation of the workpiece. Therefore, as shown 

in Figure 6.4, the corresponding software consists of five main modules: (i) end-user 

interface; (ii) measurement module; (iii) error compensation for measurement points; 

(iv) workpiece localization and reliability analysis; (vi) tool path modification.

Figure 6.5 displays the windows of the end-user interface showing function but­

tons. The functions, Homing, Probing, Localization, and Inspection are performed 

by pressing ” H” , ” P” , ” L” and ” 1” , respectively. After pressing any one of these 

function buttons, a corresponding new window appears and displays the subfunc­

tions.

6.4 O perational Princip le o f th e CAS S ystem

The operational principle of the CAS system is as follows: First, arbitrarily fixture 

a  workpiece on the worktable of the milling machine tool. Next install the probe 

tip to  the machine spindle. After turning on the machine tool and entering the 

main end-user interface window, choose the button "Home” to  find the original 

point of the machine tool. Then choose the button "Probing” to  s ta rt the probing 

program. There are two choices, manual probing and auto-probing. If need to  finish 

probing, choose the button "Finish” to save the set of measurement points in a 

da ta  file. Then with these points and the CAD model of the workpiece, pressing 

"Localization” will automatically compensate for the measurement errors due to 

stylus radius and compute out the translation and orientation of the workpiece’s 

CAD frame relative to the machine frame. Then change the probe tip into a  tool

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

104 Chapter 6. A Computer-Aided Setup(CAS) System for Workpieces

(a) After starting localization system (b) Homing

( c ) Probing ( d )  Localization

( e )  Inspection (f)M achining

Figure 6.5 The user-machine interface of the CAS system (Dos version)
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Input: (1) CAD model o f a workpiece

(2) Toolpath o f a workpiece relative to the CAD frame 

Output: (1) Transformation o f  the workpiece’s CAD frame relative to 

the machine frame 

(2) Modified tool path o f the workpiece in the machine frame

Start

Manual probing

Auto-probing

Modify orignal tool path

Compensate for tool length

Choose auto or manual probing

Localize workpiece with the points

Manually probe a few points on 
the surfaces o f a workpiece

Compensate for measurement 
errors due to stylus radius

Localize workpiece to obtain 
translation and orientation

Machine the workpiece according 
to the modified tool path

Figure 6.6: Procedure of workpiece localization
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cutter and compensate for the tool length( in a machine center with tools library, 

it can be automatically performed). After that, modify the originally generated 

toolpath using the obtained transformation. The modified toolpath can then act on 

the workpiece as if the workpiece were accurately fixtured. Figure 6.6 summarizes 

the procedure of performing workpiece localization. In later sections, the functions 

described above will be discussed in detail.

6.4.1 Probing Strategy

We developed both manual probing and auto-probing methods in our CAS system 

as described in Figure 6.7. In the manual probing mode, we move the workpiece 

surface to approach the probe tip by operating the handle. The three buttons of the 

control handle are corresponding to the motion in x - ,  y — and z —axis directions, 

respectively. For example, the handle and top buttons control the motion of the 

worktable up and down in the x -ax is  direction, respectively. Operating the handle 

forward, backward, leftward and rightward, controls the motion of the worktable in 

the x —axis and the y —axis directions, respectively. Since the deformation of the tip ’s 

mechanism triggers the touching signal, the approaching speed of the tip to a  surface 

affects the measurement accuracy. Therefore, we developed two touching modes so 

as to speed up probing and improve the accuracy of measurement. First moving 

the surface towards the probe tip with a  high speed, when touching the surface, the 

worktable stops immediately and moves away from the tip in a  small distance, then 

it moves towards the tip with lower speed until it touches the tip again. At this 

moment, the host computer of the machine tool records the coordinates of the touch 

point and the index of the surface to which the point belongs in a d a ta  file. Here, 

the slow approaching process is performed automatically according to  the opposite 

motion direction away from the tip, the handle is not enabled during the process.

Usually, manual probing takes relatively longer time for measuring points than 

auto-probing. In addition, manual operation may cause operation errors. Therefore, 

we need to speed up the probing process and reduce the operation error by auto­

probing. In the auto-probing process, we use two steps. Firstly, we probe a few 

points, usually six points on one complicated surface or three non-parallel planar
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Figure 6.7: The probing process

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

108 Chapter 6. A Computer-Aided Setup(CAS) System  for Workpieces

surfaces by operating the handle manually. With these points and the CAD model 

of the workpiece, we can compute a preliminary transformation ^ (transla tion  and 

orientation) of the workpiece’s CAD frame with respect to the machine frame using 

the localization algorithms. In auto-probing, the key point is how to  plan the probing 

path. Actually, with the CAD model of a workpiece we can generate in advance a  

probing path and points to be measured which are relative to the CAD-model frame. 

Then, with this preliminary transformation, we obtain the transformed probing path 

which is relative to the machine frame.

In our CAS system, the nominal probing points are generated in advance by the 

d a ta  generation module. The details are as follows: Let 0 ,(u , u), (u €  [a, 6], o<= [c,d]) 

be the parametric representation of surface S,, where (u, u) are surface coordinates. 

On the (u, v) space, values of (u, u) are selected for points to  spread uniformly over 

the space. Assume tha t N  points in u direction and M  points in v direction are 

chosen, then the parameters (u j,v k) of (j  x k)th point are computed by

f Uj =  a + (b -  a) * j / N ,  j  = l , - - - N  
( =  c +  (d -  c) * k /M , k  =  1, • • • M

Correspondingly, the nominal probing points expressed in the CAD model frame are 

given by

X{ ( Uj ,  Vk ) =  1pi {Uj ,  v k )

where j  — 1, - - - /V, k =  and i =  1 , - - - M  x  N  and the normal of

each point is given by
_  ^ u. x ipVt

I x  0„,|
where 0U| and ipv, are partial derivative of 4>i relative to uf and u,-, respectively. 

Then, using the preliminary transformation g" transforms these nominal points to 

the machine frame, i.e. g 'x i, i =  1, • • • ;V x M . Let d £ R be a  given distance, we 

compute point 5*(x, — dn,) along the normal direction of each point gmXi. Then two 

sets of points — dn,) and gmx {, i = 1, • • • N  x M  can be obtained. With the two 

sets of points, the motion path of the worktable is planned as follows: starting from 

g’x i  — d«i, the worktable moves towards the tip along the normal direction of the 

point g‘x i. After touching the surface, the host computer records the coordinates of 

the point, and the worktable moves backward to the point <7*(xt — dni). Then from
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Figure 6.8: The touch location and its coordinates of a probing point

this point, it moves to the next point g'{xn — dn2), repeating the above process until 

all planned points are measured automatically. In practical operation, the auto­

probing is performed by pressing the auto-probing button according to the path of 

the generated points. After auto-probing, a new set of measured points are obtained 

and the new optimal transformation of the workpiece is computed with them.

We only consider the path planing of some special cases in our experiments. 

In the auto-probing, another im portant problem needs to be considered is collision 

avoidance when performing measurement. We hope tha t a general case of this 

problem will be studied in our future research.

6.4.2 Error Com pensation for M easurem ent Points

In the probing system, the coordinates recorded by the computer are the coordinates 

of the center point yI of the probe tip instead of the exact touch point y,-, as shown 

in Figure 6.8. Therefore, it is needed to compensate the bias due to  the radius of the 

stylus. We propose an iterative process to solve this problem. First, we use the un-
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compensated da ta  set to compute out an optimal Euclidean transformation

<7i. Then, we transform the point y'{ into x|- =  (gi)~lyt, i =  1, • ■ - n which are relative 

to the CAD model frame Cm . Let r  be the radius of the stylus and nj the normal 

of the surface S,- a t x ', then the points can be compensated by

y. =  y'i -  ( y i)~ X r > * =  1, • • •«.

Then we localize the workpiece again with the compensated d a ta  {y,}”=1 to obtain a 

new optimal transformation y2. Assume th a t gk =  (Rk,Pk) is the kth transformation 

obtained, and define the orientational and translational errors to be

£n =  |0|, where e"9 =  IM| =  1

and

£P =  ||P fc - i - P f c l l -

When £r < 6i and £p < t 2, where «t > 0 and e2 > 0, we obtain the compen­

sated optimal Euclidean transformation yjj. Otherwise, the procedure is repeated to 

update the Euclidean transformation gk until the above criteria are satisfied. The 

compensation process is summarized in Figure 6.9.

6.4.3 Reliability analysis and toolpath modification

After compensating for the measurement error due to the radius of the stylus, we 

have obtained the optimal transformation g“. Next, we perform the reliability analy­

sis to the localization result. If the result does not satisfy the specified requirements, 

we have to go back to measure more points or choose more proper locations of points 

and repeat the above procedure until the specified requirements are satisfied. If with 

enough points and m(m is an upper bound allowed to repeat) times repeated proce­

dures, a satisfactory transformation still can not be obtained, then exit and report 

this result.

W ith a satisfactory transformation, we perform a  toolpath modification pro­

gram to transform the originally generated toolpath into a  new toolpath which is 

relative to the machine frame. The new toolpath can act on the workpiece as if it 

were accurately fixtured to the machine table. Then, we have completed the whole 

computer-aided setup procedure till now.
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Figure 6.9: Error compensation for measurement points
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6.5 E xperim ental Verification o f th e CAS S ystem

We verified the CAS system through localizing and machining several workpieces. 

The experimental processes are as follows. First, we arbitrarily placed and fixed 

the workpiece on the machine table. Then, we driven the touch probe to measure 

40 points on the three finished surfaces of the workpiece. The host com puter au­

tomatically recorded the coordinates of the measurement points and their surface 

indices in a  da ta  file. Then, by pressing the button ” Localization” , the algorithms 

accomplished the probe radius compensation and computed out the position and 

orientation of the workpiece. At the same time, they did the reliability analysis for 

the localization results. In the experiments, we placed the workpiece a t different 

positions and orientations and repeated the operation procedure, we obtained the 

localization results of three sets of experiments shown in Table 6.1, where £. is the 

minimal value of the objective function, 0. is the upper bound of the total orienta­

tion error, d. is the upper bound of the displacement error. From the experimental 

results, we know tha t with the second set of measurement points, the localization 

results computed have the largest error upper bounds. Therefore, this set of local­

ization results is not reliable. The other two sets of localization results have higher 

accuracy and reliability. Since we used in the experiments the measurement points 

from planar and cylinder surfaces to localize the workpiece, the three algorithms 

have almost the same accuracy. This is consistent with the previous simulation 

results.

The workpiece in Figure 6.10 is a bracket that we machined using the above 

localization method. Starting from the raw stock, a cube, we arbitrarily fixtured it 

on the machine table, then performed probing and localization processes to  obtain 

the transformation of the workpiece between the CAD frame of the workpiece and the 

machine table frame. With the obtained transformation, we modified the toolpath 

originally generated by a CAM software and performed machining with the new 

modified toolpath. Figure 6.11 shows the other two finished workpieces by means of 

the CAS system.
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Experi. Algorithms Transformation £ . Error bounds
6 . d .

0.866164 0.499758 -0.001448
Hong-Tan R  = -0.49976 0.866161 -0.002313 0.0205 0.0944 0.0544

0.000098 0.002727 0.999996
P =  ( 161.4941 -165.5649 44.2332 ]

0.866163 0.499759 -0.001448
1 Variational R  = -0.499761 0.866160 -0.002314 0.0206 0.0945 0.0544

0.000098 0.002728 0.999996
P = [ 161.4936 -165.5649 44.2332 ]

0.866145 0.499790 -0.001447
Tangent R  = -0.499792 0.866142 -0.002328 0.0207 0.0945 0.0544

0.000090 0.002739 0.9C9996
P = [ 161.4870 -165.5711 44.2304 ]

0.863240 0.437634 -0.251581
Hong-Tan R  = -0.504791 0.750090 -0.427261 11.904 1.035 0.6404

0.001725 -0.495824 0.868421
p =  [ 207.5641 -86.744 76.977 ]

0.862558 0.438645 0.252158
2 Variational R  = -0.505956 0.749263 0.427334 11.9086 1.035 0.6404

-0.001485 -0.496181 0.868218
=  [ 207.4005 -86.8942 77.0319]

0.862520 0.438702 0.252189
Tangent R  = -0.506020 0.749235 0.427306 11.9087 1.035 0.6404

-0.001489 -0.496172 0.868223
P = [ 207.3921 -86.9096 77.0310 ]

-0.582133 0.572018 -0.577854
Hong-Tan R  = -0.813093 -0.409417 0.413832 0.0855 0.2482 0.0912

0.000136 0.710755 0.703440
P =  [ 182.0162 -119.9881 84.9639 ]

-0.582133 0.572021 -0.577852
3 Variational R  = -0.813093 -0.409419 0.413830 0.0855 0.2482 0.0912

0.000136 0.710755 0.703440
P =  [ 182.0166 -119.9883 84.9629 ]

-0.582136 0.57196 -0.577905
Tangent R  = -0.813091 -0.409381 0.413871 0.0856 0.2482 0.0912

0.000136 0.710819 0.703374
P =  [ 182.0081 -119.9832 84.9836]

Table 6.1: Transformations of the workpiece computed by experimental measure­
ment points
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Figure 6.10 The CAS system is measuring the workpiece bracket

Figure 6.11 The three workpieces machined by means of the CAS system
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6.6 C onclusion

We developed the prototype of the CAS system and verified the localization algo­

rithms on it. In the CAS system, two new techniques were used. The auto-probing 

sped up the probing process and reduced the operation error. The iterative compen­

sation for the measurement error efficiently improved the localization accuracy. The 

experimental results showed th a t the system can localize various workpieces with 

simple or complicated surfaces efficiently by means of general purpose fixtures. The 

system can eliminates the need of having an operator fixture workpiece accurately , 

thus simplifying and accelerating greatly the machining cycle.
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C h a p ter  7

C onclusion and Future W ork

7.1 C onclusions

In this dissertation, we developed systematically the theory, algorithms, and imple­

mentation methods of workpiece localization. We classified the localization prob­

lem associated with each of the three types of workpieces as: (a) the general 3- 

dimensional localization problem; (b) the symmetric localization problem; and (c) 

the hybrid localization/envelopment problem. Then, we formulated these problems 

and focused on solving problems (a) and (c). The details can be summarized as 

follows:

First, we provided a geometric theory for a unified treatm ent to the localiza­

tion algorithms of general 3-dimensional workpieces, we formulated the general 3- 

dimensional localization problem as a least squares problem (LSP) on the Euclidean 

group, S E ( 3). The mathematics of LSP was analyzed in detail where necessary 

conditions were derived for the optimal Euclidean transformation and the optimal 

home surface points. We described in detail an iterative method for solving LSP and 

showed how different considerations in updating the Euclidean transformations lead 

to different algorithms. We showed the local convergence of three localization algo­

rithms and presented a method to improve the performance of these algorithms. We 

gave simulation results showing convergence, accuracy and computational efficiency 

of the various geometric algorithms.

Next, we discussed the factors affecting the accuracy and reliability of localization 

results. Using the F-test method in statistics, we developed effective methods to

117
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analyze the reliability of workpiece localization. This work allows the localization 

method to be applied effectively into real manufacturing tasks.

Then, with the geometric properties of the homogeneous space S E (3 )/G 0, where 

G 0 C S E (3) is the symmetry subgroup defined by the set of finished surfaces, we 

proposed the hybrid localization/envelopment problem. We formulated the hybrid 

problem as a symmetric localization problem on the homogeneous space S E (Z )/G 0 

of the Euclidean group and a minimization problem on G0 subject to inequality 

constraints. We solved the envelopment problem by solving a sequence of linear 

programming problems where the solution from the symmetric localization problem 

is used as an initial condition. We also addressed the issue of hybrid localiza- 

tion/inspection/machinability. We developed a methodology for treating localiza­

tion, on-line inspection and machinability of workpieces simultaneously using the 

geometric properties of the homogeneous space. Simulation resuits showed the ef­

fectiveness of the hybrid algorithms. This method provides the transformation of 

a workpiece, the tolerance values of finished surfaces, and maximum machinable 

volumes existing on unfinished surfaces. Thus one can decide if further machining 

is necessary according to the results obtained. It is also possible to adaptively ad­

just the machining so as to improve the product quality using this method. We 

also defined a localization problem for workpieces with special geometry shapes and 

analyzed their configuration space. We showed tha t this localization problem can 

be transformed into a two-dimension problem. Thus, a set of simpler algorithms 

solving them can be given.

Finally, we proposed a computer-aided setup (CAS) system and implemented 

the system on an open architecture machining tool environment. The experimental 

results showed the validation of the developed localization algorithms and the CAS 

system. Availability of the CAS system eliminates the need of having an operator 

fixture workpiece accurately, thus simplifying and accelerating greatly the machining 

cycle.
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7.2 Future Research

As described in Chapter 6, automating workpiece setup involves two key parts: ac­

quisition of coordinate points and localization algorithms. This dissertation has 

made extensively study on the workpiece localization algorithms. And these algo­

rithms are robust, reliable and efficient enough to apply to practice setup systems. 

Using a high precision touch trigger probe as the 3D coordinate measurement system, 

we implemented a  prototype of the computer-aided setup system on a  HKUST(Hong 

Kong University of Science and Technology) open architecture CNC milling machine 

tool and have demonstrated the effectiveness of these algorithms.

However, in the process of automatic workpiece setup, probing points on sur­

faces of a workpiece manually using a  touch trigger probe takes much longer time 

than the computational time of the localization algorithms. Therefore, although the 

autom atic workpiece setup is flexible for the setup of various workpieces, a  conflict 

between taking long time to measure points on site and efficient use of machining 

ability of a CNC machine tool will occur. With the fast, robust and reliable algo­

rithms, the remaining problem of affecting effective applications of the setup system 

will be the acquisition of high precision coordinate points.

There are many sensor technologies available for 3D coordinate acquisition. 

Among these sensors, three distinct technologies namely, mechanical touch trigger 

probes, laser scanners, and vision systems, are widely adopted. Touch trigger probes 

are slow, however they can have resolutions on the order of 0.005mm and are very 

robust. Laser scanners have very high data  rate, up to 2500 da ta  points per second, 

and good resolutions on the order of 0.01 mm. Vision systems have resolutions on 

the order of 0.1 mm, however they can simultaneously acquire thousands of da ta  

points over a large spatial range.

The three measurement technologies described above have their own advantages 

and shortcomings, a  cooperative way of them to achieve a  higher performance will 

be possible. Based on this idea, further work can focus on studying the following 

three problems: (1) How to take the advantages of each measurement technology 

and incorporate the efficient localization algorithms to develop a rapid coordinate 

acquisition system? (2) How many points are needed to guarantee the localization
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accuracy and how to relate the measurement accuracy to the accuracy of localiza­

tion? (3) W hat should be taken into account when performing on-line inspection 

directly on a  machine tool using workpiece localization methods?

•  R a p id  acq u isition  o f  co o rd in a te  p o in ts

A rapid coordinate acquisition system will consist of a  high precision touch trigger 

probe, a high speed laser scanner system or a 3D vision system. W ith the CAD 

model of a  workpiece and the efficient localization algorithms, the procedure of 

rapid coordinate acquisition is proposed as follows:

(1) With the CAD model of a workpiece, we make a  measurement plan, i.e., gen­

erate target points, normal vectors of the points on the surfaces and optimal 

probe angles as well as collision-free path, all of which are with respect to the 

CAD model’s frame. This measurement plan is made off line.

(2) With a high-speed laser scanner system or a 3D vision system, we acquire 

points rapidly and compute the transformation( translation and orientation) 

of the workpiece relative to the machine reference frame by the efficient lo­

calization algorithms we developed. This preliminary transformation is not 

accurate enough to localize the workpiece for machining.

(3) W ith the preliminary transformation, we modify the initially generated mea­

surement points and the path in step (1), so tha t the path and the measured 

points are with respect to the machine reference frame.

(4) Once a surface is chosen to be measured, the high precision touch trigger probe 

will automatically measure points on the surface of the workpiece according 

to  the modified measurement path, the points and the optimal measurement 

angles.

Since no time needs to spend on measurement planning on site, the off-line 

generation of the measurement path can save valuable process time. Furthermore 

using the above acquisition method, the measurement process will be carried out 

automatically in a situation where there is less pressure, thus the chances of human 

error will be reduced to  a minimum.
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•  A d a p tiv e  p rob in g

This problem relates closely to the first step of the procedure of the rapid coor­

dinate acquisition. Current methods usually determine the total number of points 

to be measured on a feature of a workpiece by experience.

The idea here is to expand the efficient reliability analysis method to the auto­

probing algorithm, so that it can diagnose whether the measurement points are 

enough to guarantee the localization accuracy or not. The following procedure is 

proposed to solve this problem:

(1) Measure a t least 6 points on three finished non-parallel planes of a workpiece;

(2) Compute the translation and orientation of the workpiece with respect to the 

machine frame;

(3) Estim ate the upper bounds of the translational error and the orientational 

error;

(4) Verify whether the upper bounds are less than the specified accuracy or not. 

If not, continue the probing process to obtain more points, together with the 

original points and repeat steps (2) and (3) until the accuracy requirement is 

satisfied.

In the probing process, since the localization and reliability analysis algorithms 

take the time under the order of I second, the reliability analysis does not affect 

probing speed. When the probing task is finished, the whole localization process is 

completed, and a satisfactory and reliable localization result is achieved, with least 

number of measurement points, i.e., least localization time.

The above proposed coordinate acquisition technology and algorithms will be 

transferable to other applications, such as automatic calibration in inspection and 

agile machining, coordinate metrology in dimensional control, reverse engineering in 

rapid product design and realization, and robotic assembly.

•  O n -m ach in e in sp ec tio n

Today, for a high precision inspection, one employs mainly CMMs to determine
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if a  part was made correctly or to create a set of dimensions from an existing part. 

This process is performed off-line and is often away from factory floors. Industry 

is exploring the increased use of CMMs for process control. This is creating the 

need to  combine the measurement with the machining process. With increasing 

frequency, CNC machine tools are capable of exchanging the cutting tool for a 

measuring probe which transforms them into CMMs. This makes it possible to 

perform the on-machine measurement and adjustment in machining process. In this 

case, the function of measuring is not only to determine if the part was manufactured 

correctly but also to provide da ta  to make the process adjustments necessary to keep 

the results within the control limits.

As described in Chapter 6, a computer-aided localization system based on open 

architecture CNC machine tools is possible to accomplish the function, i.e. combine 

the measurement and machine process, and adaptively adjust the machining. The 

process of inspection is similar to the one of workpiece localization. Thus the pro­

cedure of on-machine inspection just after machining can be as follows: First use 

the workpiece localization method to determine the position and orientation of an 

arbitrarily fixtured workpiece; Then modify the original generated toolpath so that 

the toolpath is with respect to  the machine frame, and perform machining; After 

machining, automatically change the tool into an on-machine probe, then use it to 

measure points according to a measurement plan or a path which are created when 

doing the CAD design of the workpiece and are relative to the CAD frame. With 

the measurement points, inspection algorithms are chosen to perform the inspec­

tion. The dimension, form or surface finish tolerance value are obtained. If the 

results indicate an out-of-tolerance condition, the probe might automatically take 

more measurement points, which is exactly what a human operator would do in 

a  normal course of action. By repeating the number of measurement points, the 

uncertainty of the da ta  is reduced and a better decision can be made regarding the 

acceptability of the surface. It may be possible to repeat or adjust machining to 

make the surface satisfy quality requirements. If satisfied, the next machining pro­

cess can proceed. Otherwise, it is not necessary to s ta rt next step machining. This 

process can not only save time significantly, but also improve product quality by
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controlling the quality of the whole workpiece in each step.

The inspection of workpieces in situ has the significant advantage of possibly 

being able to  immediately rework the workpiece based upon the inspection results. 

However, the use of machine tool as a CMM has some significant liabilities which 

need to  be carefully considered when employing this measurement technology be­

cause of the difference between workpiece setup and inspection. In particular, the 

inspection is sensitive only to errors which are not common to both the production 

and measurement processes. Hence major sources of error such as the machine tool’s 

geometry are not detected by the inspection. For example, if the machine tool’s axes 

are out-of-square, the cutting process will produce an out-of-square workpiece. The 

inspection process, using the same out-of-square axes, will consequently measure the 

workpiece to be perfect. Hence the on-machine inspection process is oblivious of all 

error sources common to both the production and the inspection processes. These 

include machine geometry, thermal distortions, and errors in the thermal correc­

tions. Sources of error which are not common to the two systems maybe detected 

by the inspection process. They include tool and workpiece deflection under cutting 

forces, tool offset errors, tool wear, and errors introduced by the probing system, 

e.g. by a miscalibrated probe.

Therefore, particular attention should be paid to  machine tools which both pro­

duce and inspect the workpiece. If some form of an interim testing program is taken 

to ensure the accuracy of the system, the above problems may be overcome. This 

involves periodically comparing the results from the machine tool’s inspection and 

from an independent CMM, or the inspection of calibrated artifacts directly on the 

machine tool.
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